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Abstract
We review the present theoretical and empirical knowledge for αs, the fundamental
coupling underlying the interactions of quarks and gluons in Quantum Chromodynam-
ics (QCD). The dependence of αs(Q
2) on momentum transfer Q encodes the underlying
dynamics of hadron physics –from color confinement in the infrared domain to asymp-
totic freedom at short distances. We review constraints on αs(Q
2) at high Q2, as pre-
dicted by perturbative QCD, and its analytic behavior at small Q2, based on models
of nonperturbative dynamics. In the introductory part of this review, we explain the
phenomenological meaning of the coupling, the reason for its running, and the chal-
lenges facing a complete understanding of its analytic behavior in the infrared domain.
In the second, more technical, part of the review, we discuss the behavior of αs(Q
2) in
the high momentum transfer domain of QCD. We review how αs is defined, including
its renormalization scheme dependence, the definition of its renormalization scale, the
utility of effective charges, as well as “Commensurate Scale Relations” which connect
the various definitions of the QCD coupling without renormalization-scale ambiguity.
We also report recent significant measurements and advanced theoretical analyses which
have led to precise QCD predictions at high energy. As an example of an important
optimization procedure, we discuss the “Principle of Maximum Conformality”, which
enhances QCD’s predictive power by removing the dependence of the predictions for
physical observables on the choice of theoretical conventions such as the renormaliza-
tion scheme. In the last part of the review, we discuss the challenge of understanding
the analytic behavior αs(Q
2) in the low momentum transfer domain. We survey var-
ious theoretical models for the nonperturbative strongly coupled regime, such as the
light-front holographic approach to QCD. This new framework predicts the form of the
quark-confinement potential underlying hadron spectroscopy and dynamics, and it gives
a remarkable connection between the perturbative QCD scale Λ and hadron masses. One
can also identify a specific scale Q0 which demarcates the division between perturbative
and nonperturbative QCD. We also review other important methods for computing the
QCD coupling, including lattice QCD, the Schwinger–Dyson equations and the Gribov–
Zwanziger analysis. After describing these approaches and enumerating their conflicting
predictions, we discuss the origin of these discrepancies and how to remedy them. Our
aim is not only to review the advances in this difficult area, but also to suggest what
could be an optimal definition of αs(Q
2) in order to bring better unity to the subject.
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Chapter 1
Preamble
We review the status of the coupling αs(Q
2), the function which sets the strength of
the interactions involving quarks and gluons in quantum chromodynamics (QCD), the
fundamental gauge theory of the strong interactions, as a function of the momentum
transfer Q. It is necessary to understand the behavior and magnitude of the QCD
coupling over the complete Q2 range in order to describe hadronic interactions at both
long and short distances. At high Q2 (short distances) precise knowledge of αs(Q
2) is
needed to match the growing accuracy of hadron scattering experiments as well as to test
high-energy models unifying strong and electroweak forces. For example, uncertainties
in the value of αs(Q
2) contribute to the total theoretical uncertainty in the physics
probed at the Large Hadron Collider, such as Higgs production via gluon fusion. It
is also necessary to know the behavior of αs at low Q
2 (long distances), such as the
scale of the proton mass, in order to understand hadronic structure, quark confinement
and hadronization processes. For example, processes involving the production of heavy
quarks near threshold require the knowledge of the QCD coupling at low momentum
scales. Even reactions at high energies may involve the integration of the behavior of the
strong coupling over a large domain of momentum scales. Understanding the behavior of
αs at low Q
2 also allows us to reach a long-sought goal of hadron physics: to establish an
explicit relation between the long distance domain characterized by quark confinement,
and the short-distance regime where perturbative calculations are feasible. For such
endeavor, a major challenge is to relate the parameter Λ, which controls the predictions
of perturbative QCD (pQCD) at short distances, to the mass scale of hadrons. We will
show later in this review how new theoretical insights into the behavior of QCD at large
distances lead to an analytical relation between hadronic masses and Λ. This problem
also involves one of the fundamental questions of QCD: How the mass scale for hadrons,
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such as the proton and ρ meson, can emerge in the limit of zero-quark masses since no
explicit mass scale appears in the QCD Lagrangian.
The origin and phenomenology of the behavior of αs(Q
2) at small distances, where
asymptotic freedom appears, is well understood and explained in many textbooks on
Quantum Field Theory and Particle Physics. Numerous reviews exist; see e.g. Refs.
[1, 2, 3], some of which cover the long-distance behavior as well, e.g. Ref. [2]. However,
standard explanations often create an apparent conundrum, as will be addressed in this
review. Other questions remain even in this well understood regime: a significant issue
is how to identify the scale Q which controls a given hadronic process, especially if it
depends on many physical scales. A fundamental requirement –called “renormalization
group invariance”– is that physical observables cannot depend on the choice of the renor-
malization scale. We will briefly describe a new method, “the Principle of Maximum
Conformality” (PMC), which can be used to set the renormalization scale unambigu-
ously order-by-order in pQCD, while satisfying renormalization group invariance. The
PMC method reduces, in the Abelian limit NC → 0, to the standard Gell-Mann–Low
method which is used to obtain precise predictions for QED. Although αs is well un-
derstood at small distances, it is much less so at long distances where it is related to
color confinement. As Grunberg has emphasized [4], the QCD coupling can be defined
from any physical observable which is perturbatively calculable. This is in analogy with
QED, where the conventional Gell-Mann–Low coupling α(Q2) is defined from the po-
tential underlying the scattering amplitude of two heavy charged particles. Couplings
defined following Grunberg’s prescription are called “effective charges”. They can be
related to each other analytically via “Commensurate Scale Relations” and can be used
at low Q2. We will also review other possible definitions. An important example of a well
measured effective charge, is the coupling αg1(Q
2), which is defined from the Bjorken
sum rule for polarized deep inelastic lepton–proton scattering.
We will start this review with a phenomenological description of the behavior of
αs(Q
2). We will then continue with a theoretical discussion of its behavior at small dis-
tances based on the renormalization group equations and various approaches which can
improve the standard formalism. We conclude this first section with the experimental
and numerical measurements of αs at short distances. We then discuss αs at long dis-
tances, and survey several nonperturbative approaches which have been used to predict
its behavior. We conclude this section with a comparison and discussion of the various
approaches.
The level of this review is aimed for the main part at non-specialists and advanced
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graduate students. In that spirit, a lexicon specific to the study of the QCD running
coupling and related topics is given in the Appendix. Words from this list are italicized.
We have endeavored to be as extensive as possible in this review, but since the study
of αs has been a very broad and active subject of research, the thousands of articles
relevant to αs quickly quench any ambition of an exhaustive review. Some topics closely
related to αs, such as studies of the gluon propagator, renormalon phenomena, and
higher-twist effects will only be mentioned; each of these topic deserves a review on its
own. Likewise, αs at finite temperature or in the time-like domain will not be discussed.
Our choice of topics is subjective, and we apologize in advance to the specialists whose
work has not been covered; there is no implication regarding their importance and
validity. As usual, natural units ~ = c = 1 are used.
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Chapter 2
Phenomenological overview: QCD
and the behavior of αs
In this chapter, we will present an introduction to the behavior of αs(Q
2) from the
soft to the hard domain. A reader already familiar with this topic can skip this chapter;
its purpose is to initiate the curious reader into the subject.
In Abelian quantum electrodynamics (QED), the running coupling
α =
α(0)
1− Π(Q2)
modifies the bare coupling α = e
2
4pi
appearing in the QED Lagrangian by incorporating
the renormalization of the photon propagator with virtuality q2 = −Q2. It sums all
vacuum polarization insertions Π(Q2) starting with the familiar Serber–Uehling con-
tribution from lepton pairs. The logarithmic ultraviolet (UV) divergence arising from
vacuum polarization loop integration is conventionally regulated by the Pauli–Villars
(massive-photon subtraction) method. The UV divergence is eliminated when one nor-
malizes the coupling by experiment at a specific momentum Q0. The UV divergences
from the vertex renormalization factor Z1 and the fermion propagator renormalization
factor Z2 cancel by the QED Ward–Takahashi identity. Consequently, only Z3 from the
virtual photon propagator requires renormalization.
In a general renormalizable quantum field theory (QFT), the coupling constant con-
trolling the strength of the interactions described by the Lagrangian acquires a scale
dependence after regularization of UV divergent integrals and the renormalization pro-
cedure. Typically, one uses dimensional regularization to define the divergent integrals
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since the procedure is gauge invariant. The UV cut-off dependence of the coupling is
then eliminated by allowing the couplings and masses which appear in the Lagrangian
to acquire a scale dependence and by normalizing them to a known (measured) value
at a given scale. This “renormalization” procedure defines the running couplings (and
running masses); in effect, they are effective couplings.
The origin of the ultraviolet divergences is often interpreted as a manifestation that
a QFT is a low energy effective theory of more fundamental yet unknown theory. The
UV cut-offs shield the very short distance domain where the QFT perhaps ceases to be
valid. After normalizing the coupling to a measured value, the effective coupling is not
sensitive to the ultraviolet (UV) cut-off and unknown phenomena arising beyond this
scale. Thus the scale dependence of the coupling can be well understood formally and
phenomenologically.
We illustrate this behavior for the coupling that arises in the static case of heavy
sources and which provides a simple physical picture. Historically, and in the case
of linear theories with massless force carriers, a force coupling constant is a universal
coefficient that links the force to the “charges” of two bodies (e.g., the electric charge
for electricity or the mass for gravity) divided by the distance dependence 1/r2. The
1/r2 dependence was classically interpreted as the weakening of the force flux as it
spreads uniformly through space. In QFT this is interpreted as the manifestation in
coordinate space of the propagator of the force mediator; the propagator is proportional
to 1/q2 in momentum space in the first Born approximation (i.e., one boson exchange,
with q the 4-momentum of the exchanged boson). For weak enough forces, the first
Born approximation dominates higher order contributions and the 1/q2 propagator in
momentum yields the familiar 1/r2 factor in coordinate space. However, higher orders
do contribute and deviations from the 1/r2 law thus occur. This extra r-dependence is
folded in the coupling which then acquires a scale dependence.
In QED, the contributions to the Q2-dependence of the coupling only come from
the vacuum polarization graphs. In QCD, the vacuum polarization (Fig. 2.1), the
quark self-energy (Fig. 2.2(a), the vertex corrections, and the gluon loop corrections
to the elementary three-gluon and four-gluon couplings, (Fig. 2.2(b) all contribute.
(The separation of the amplitude in different graphs depends on convention. Hence, the
statement of which graphs contribute has some arbitrariness. For example, the vertex
corrections, Fig. 2.2(b), do not contribute in the Landau gauge, ∂µA
µ = 0.) Tadpole
graphs (Fig. 2.2(c) do not contribute. Virtual emissions, where the gluon is reabsorbed
by the rest of the hadron do not contribute to the coupling renormalization if they are
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UV finite. Since higher order quantum effects are responsible for the deviation from the
1/r2 law, we expect the scale dependence to be significant only at a microscopic scale.
Superficially, this discussion seems inapplicable to QCD, since it is a confining theory
irrelevant to macroscopic scales. However, the non-Abelian nature of QCD induces a
weakly-coupled QCD regime at small distances in which the first Born approximation is
relevant and where the above discussion applies.
Having linked the deviation of the force from the 1/r2 law to vacuum polarization
and other processes, we can go further and explain the direction toward which a force
deviates from 1/r2. In QED pairs of particle-antiparticle are created around a test charge
qc. The particles of charge opposite to qc will tend to be closer to the test charge, see
Fig. 2.3(a). This is analogous to electric charge screening in a dielectric medium, see
Fig. 2.3(b). In both cases, by Gauss’ law, the total charge inside a sphere of radius r
is smaller. The larger r, the more the total charge will tend to the test charge value qc.
From this, one sees that the magnitude of the running coupling in QED will decrease
at larger distances, tending to its macroscopic value α(0) ' 1/137, and get stronger at
small distances. For QCD the situation is different because gluons carry color charges.
The gluon linking the test color charge to a particle-antiparticle pair will have carried
away the initial color of the test charge, see Fig. 2.1. Thus, the gluons tend to spatially
dilute the initial test charge: the initial red quark in Fig. 2.1(a) spends most of its time
as a green or blue quark, thus invisible to any high resolution gluons carrying an anti-
red color that would normally interact with it. As a result, the opposite effect to QED
happens (anti-screening). Since this effect dominates over the QED-like screening effect
from quark–antiquark loops, the QCD running coupling tends to decrease with small
distances. This gives physical insight into the phenomenon of “asymptotic freedom”
(“ultraviolet” UV regime) at high momentum transfer and to a strong coupling regime
in the low momentum transfer regime (“infrared” IR regime).
Formally, the running of a coupling originates from the renormalization procedure.
However, predictions for observables must be independent of the choice of renormal-
ization scheme (RS). This invariance under the choice of procedures forms a symmetry
group, which allows techniques from group theory to be used to establish the behavior
of αs. However, αs itself needs not to be an observable, apart from particular cases such
as the measure of the static QCD potential. Usually αs is an expansion parameter in
the perturbative series describing an observable R: Typically
R =
∑
n
rn
(αs
pi
)n
. (2.1)
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AlthoughR is RS-independent, the series coefficients, and thus αs, will depend on the
scheme choice. However, because of the asymptotic freedom, R→ r0 when the distance
scale at which the observable is measured tends to zero. Thus the first coefficient of
the series must be RS-independent. Formally at very high scales, the RS-dependence
becomes minimal. Conversely, one anticipates that the dependence becomes increasingly
important as larger distances are probed.
As we shall discuss in Section 3.7.3, one can use an analytic procedure, the Princi-
ple of Maximum Conformality, to make predictions for physical observables which are
independent of the choice of RS.
The fact that αs is not in general an observable and that it becomes increasingly de-
pendent on the RS as the distance scale increases are important facts that must be kept
in mind, especially since these effects in the prototypical quantum field theory –QED–
are small or irrelevant. In general, the QCD effective coupling is considered to be only
an intermediate quantity without precise physical meaning; if the coupling varies, e.g.
by a factor of three depending on the RS choice, how can it be associated to the physical
strength of the strong force? The advantages of viewing αs as an intermediate non-
physical quantity are that unintuitive features such as RS-dependence or divergences
(Landau pole) can be ignored, as long as observables are studied at small enough dis-
tances. However, this causes a conundrum: if αs is not an observable and depends on
arbitrary choices, how relevant is the phenomenological description given previously?
This will be explained in Section 3.7.1 where we will see how αs can be restored to the
status of an observable. Advantages of such approach are that αs re-acquires a physical
and intuitive meaning, and that αs can be defined at long distances.
So far, the discussion applies to the short-distance, weak-coupling, regime of QCD,
where pQCD is applicable. What happens at large distances? Perturbative QCD sug-
gests that at the confinement scale Λ, αs becomes infinite, the so-called Landau pole.
In the past, this behavior was viewed responsible for inducing the so-called “IR slavery”
which keeps the quarks confined. In other words, quark confinement has been seen as
a direct consequence of the Landau pole. However, the modern view is that, while UV
freedom thrives, IR slavery should be abolished: the pQCD prediction of the Landau
pole is irrelevant to the physical behavior of αs since pQCD breaks down when αs/pi
becomes close to unity. It may be useful to remember here that the coupling may not
need to become infinite for a theory to be confining. For example the coupling is finite
in QCD(1+1) which is a confining theory.
The subject of the IR-behavior of αs is interesting and difficult. It will be discussed
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in the second part of this review. Instead of displaying a Landau pole, we expect (with
the insight of numerous studies) that the strong increase of αs should stop at some in-
frared scale, since its running stems from the colored particle/antiparticle loop creations,
but the wavelengths of those particles cannot exceed the physical hadron size [6]. Hence,
loops become suppressed in the infrared (IR) limit and αs should become scale indepen-
dent. This IR behavior is called the “freezing of αs”. The following simple example
illustrates the naive misconception that the divergence of the perturbative coupling at
the Landau pole is responsible for quark confinement: the static Q–Q potential displays
a linear dependence up to a distance of 1.3 fm in the physical case, or larger distances
for pure field theory calculations without light quarks, see Section 4.3. However, as will
be discussed in Section 4, the same theoretical calculations indicate that αs becomes
independent of the distance above 0.4 fm. It thus cannot be directly responsible for the
continuing linear rise of the potential which keeps quarks and gluons confined. Indeed,
rather than vacuum polarization loops increasing the coupling characterizing a one-gluon
exchange, multi-gluon exchange between quarks, such as the H-graphs (see Fig. 2.2(d)
which are infrared divergent [7, 8], seems to be relevant to confinement.
To summarize this phenomenological description, αs behaves as follows: the cou-
pling exhibits weak (inverse logarithmic) scale dependence at distances much smaller
than Λ−1, typically smaller than 10−16 m. This is due to color charge spreading (asymp-
totic freedom properties). This weak behavior grows into a strong scale dependence
at distances larger than a tenth of a Fermi. Finally, scale independence is restored at
larger distances due to the confinement of quarks and gluons. The fact that there is a
region where the strong coupling αs has minimal scale dependence (conformal window)
allows the use of methods based on the gauge-gravity duality [9] to hadronic physics.
Its application to nonperturbative QCD calculations will be discussed in Sections 3.9.6
and 4.2.
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Figure 2.1: Color spread and the physics of asymptotic freedom and confinement. In contrast
with QED the force carriers of QCD, the gluons, carry color charges which leads to spread
of color. The dilution of the initial color charge is responsible for the weakening of the QCD
coupling αs at small distances; i. e., when the quark experiences a large momentum transfer.
Since there is no intrinsic length scale, values of αs at different momentum transfer scales are
related by a logarithmic function: αs decreases continuously with increasing momentum trans-
fer (shorter distances) leading to asymptotic freedom. Conversely αs increases logarithmically
at larger distances. However, this growth with large distance cannot continue indefinitely since
the proton has a finite size: color is confined. Confinement implies that long wavelengths of
quarks and gluons are cut off at a typical hadronic size. Consequently, the effects of quantum
loops responsible for the logarithmic dependence of αs disappear and αs should freeze to a
constant value at hadronic scales [5, 6]. The evolution of a quark’s color is illustrated in the
figure. Here, an initially red quark converts to either a green or blue quark when its red color
charge is carried away by the emission of a gluon. The anti-red color is symbolized as cyan,
anti-green as magenta and anti-blue as yellow. In the accompanying diagram, the straight line
represents a color-triplet quark (or an anti-quark), and a curved line represents a color-octet
gluon carrying both color and anti-color.
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a
b
Figure 2.2: Panel (a): virtual gluon correction for the quark propagator. Panel (b) vertex
corrections. Panel (c): Tadpole graph. Panel (d): H (or ladder) graph.
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Figure 2.3: Panel (a): screening of the QED charge. Panel (b): analogy to the charge
screening occurring in a dielectric material.
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Chapter 3
The strong coupling αs in the
perturbative domain
In this chapter, we give a more formal discussion of the strong coupling αs in the
perturbative domain. Although the content of this chapter is well explained in textbooks
and reviews, we will give a brief review in order to define notations as well as to set the
basis for a proper understanding of the behavior of αs in the IR domain, which we
postpone until chapter 4.
We first recall the equations ruling the behavior of αs in the perturbative domain.
Then we discuss various techniques which can be used to optimize the perturbative
series in order to improve pQCD’s predictive power. Finally, we summarize the current
experiment/Lattice QCD status on αs. The momentum transfer scale at which αs is
determined is Q2 = −q2, with q the four-momentum flow of the process. We have
Q2 > 0 for space-like processes. One can work in a given RS, such as the renormalization
scheme which follows from dimensional regularization [10]: The minimal-subtraction
(MS) renormalization scheme [11] or the MS RS [12]. In the MS RS one subtracts
2

+log 4pi−γE (where γE is the Euler constant) after regularizing UV divergent integrals
in 4−  dimension. In the MS and MS renormalization schemes αs is gauge invariant.
It is convenient however, to work in the Landau gauge, ∂µA
µ = 0. Thus, the gauge
parameter ξ, see e.g., Eq. (3.28), is fixed at ξ = 0 in this section.
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3.1 Purpose of the running coupling
We shall assume that quark masses can be neglected at the typical scale Q2, the
value characterizing a given reaction. The QCD Lagrangian density then contains no
mass or energy scale and is classically conformally invariant:
L = iψγµDµψ − 1
4
GaµνG
µν
a , (3.1)
where ψ is the quark field, Gaµν the gluon field strength and a the color index. The gluon
field strength is given by Gaµν ≡ ∂µAaν − ∂νAaµ + gfabcAbµAcν , with Aaµ the gluon field,
fabc the SU(3) structure constant and g the dimensionless coupling constant. The bare
coupling is αs = g
2/4pi. Although there are no dimensionful parameters in Eq. (3.1), a
mass scale µ is acquired during the renormalization procedure. The emergence of µ from
a Lagrangian without explicit scale is called dimensional transmutation [13]. The value
of µ is arbitrary and is the momentum at which the UV divergences are subtracted.
Hence µ is called the subtraction point or renormalization scale. A dimensionless
observable R(Q2, xf ), where xf represents any dimensionless kinematic variables, must
be independent of the arbitrary value of µ. The purpose of making αs scale-dependent
is to transfer to αs all terms involving µ in the perturbative series of R(Q
2, xf ).
In the perturbative domain, observables are expressed in perturbative expansions of
αs:
R
(
Q2, µ2, αs, xf
)
=
nmax∼pi/αs∑
n=0
rn
(
Q2, µ2, xf
)(αs
pi
)n
. (3.2)
Since R is dimensionless and since there is no mass scale in the QCD Lagrangian, the Q2-
dependence of αs can only be a function of the Q
2/µ2 ratio. Except for r0 and r1 which
are independent of Q2/µ2, the coefficients rn are polynomials of ln (Q
2/µ2) with highest
power n− 1. The independence of R with respect to µ is given by the Callan–Symanzik
relation for QCD [14]:
d
d ln (µ2)
R
(
Q2/µ2, αs, xf
)
= µ2
d
dµ2
R
(
Q2/µ2, αs, xf
)
= (3.3)(
µ2
∂
∂µ2
+ µ2
∂αs
∂µ2
∂
∂αs
)
R
(
Q2/µ2, αs, xf
)
= 0.
The β-function is defined from Eq. (3.3) as µ2 ∂αs
∂µ2
= β(αs). Setting t = ln (Q
2/µ2), Eq.
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(3.3) becomes (
− ∂
∂t
+ β
∂
∂αs
)
R
(
et, αs, xf
)
= 0. (3.4)
We remark that if we had not yet fixed the gauge fixing parameter to ξ = 0, Eqs.
(3.3) and (3.4) would also have a term stemming from the variation of ξ. Expressing
the observable as a perturbative series now in αs(µ
2) defined by αs(µ
2) ≡ αs and t =∫ αs(Q2)
αs
1
β(y)
dy, one has:
R
(
et, αs, xf
)
=
nmax∼pi/αs∑
n=0
rn (1, αs, xf )
(
αs (µ
2)
pi
)n
. (3.5)
One can check that it is a solution of Eq. (3.4). Setting et = 1, i.e., setting the
physical scale Q equal to the renormalization scale µ, Q2 = µ2, makes the coefficients rn
independent of Q2/µ2; the µ-dependence has been folded into αs(µ
2). Choosing Q2 =
µ2 thus yields the simplest form for the perturbative expansions of given observables.
There are however disadvantages to this choice, such as an unintuitive interpretation
of the coupling and convergence issues with the series (renormalon problem). Other
choices, while leading to more complex perturbative expressions, can be more physically
motivated. This will be discussed in Sections 3.7.1 and 3.8. Another choice would be
similar to a different choice of RS, see Section 3.7.1 and Fig. 3.4. One generally keeps
Q2 ∼ µ2 so that the coefficients rn remain small enough for the perturbative expansion
of R (t, αs, xf ) to be valid.
3.2 The evolution of αs in perturbative QCD
The scale dependence of the strong coupling is controlled by the β−function which
can be expressed in the UV as a perturbative series:
Q2
∂αs
∂Q2
= β (αs) = −
(
αs
4pi
)2∑
n=0
(
αs
4pi
)n
βn. (3.6)
The values of the first terms of the β-series are [15]:
β0 = 11− 2
3
nf , (3.7)
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and [16, 17]
β1 = 102− 38
3
nf , (3.8)
with nf the number of quark flavors active at the scale Q
2. These terms are RS-
independent (as long as quark masses are neglected, see Section 3.3) because of the
UV renormalizability of QCD –only the first two loops are dominated by small distance
processes: the 1 and 2-loops integrals diverge in the Q2 → ∞ limit, while higher loops
are finite in this limit. The higher order β-terms are known but are RS-dependent. Since
they also encompass nonperturbative contributions not included in the perturbative se-
ries Eq. (3.6), there is an inherent ambiguity for these terms. In schemes based on the
dimensional regularization method the higher order terms in the minimal-subtraction
scheme MS (the most common RS used [11, 12]) are [18]
β2 =
2857
2
− 5033
18
nf +
325
54
n2f , (3.9)
and [19]
β3 =
(
149753
6
+ 3564ξ (3)
)
−
(
1078361
162
+
6508
27
ξ (3)
)
nf
+
(
50065
162
+
6472
81
ξ (3)
)
n2f +
1093
729
n3f , (3.10)
with ξ (3) the Ape´ry constant, ξ (3) ' 1.20206. Calculations are ongoing for β4 [20].
All the βi coefficients are gauge independent in the MS scheme [21]. In the momentum
space subtraction (MOM) scheme [22, 23] and Landau gauge, these couplings are [24]:
β2 = 3040.48− 625.387nf + 19.3833n2f , (3.11)
and
β3 = 100541− 24423.3nf + 1625.4n2f − 27.493n3f . (3.12)
They can be found for the minimal MOM scheme and Landau gauge in [25], as well
as β1 which is also gauge dependent in this scheme and different from Eq. 3.8. (The
MOM scheme renormalization condition forces the virtual quark propagator to a free
massless propagator form. Several MOM schemes exist and the above values of β2 and
β3 are determined with the MOM scheme defined by subtracting the 3-gluon vertex to
a point where one external momentum vanishes.) A complication is that the coupling
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in the MOM scheme is gauge-dependent. The values of β2 and β3 given here are only
valid in the Landau gauge. Expressions in the V-scheme can be found in ref. [26]. They
are: β2 = 4224.18 − 746.01nf + 20.88n2f and β3 = 43175 − 12952nf + 707.0n2f Some
important points must be made: first the βi are independent of αs; they are expansions
in orders of ~, see Section 3.4. Second, the signs of the βi control how αs run. We have
β0 > 0 for nf ≤ 16, β1 > 0 for nf ≤ 8, β2 > 0 for nf ≤ 5, and β3 is always positive.
Consequently, αs decreases at high momentum transfer, leading to the quark asymptotic
freedom of pQCD. Finally, the βi are sometimes defined with an additional multiplying
factor 1/ (4pi)i+1.
The exact analytical solution to Eq. (3.6) is known only to β0 order. At this order,
Eq. (3.6) is:
Q2
α2s
∂αs
∂Q2
= − 1
4pi
β0, (3.13)
that is
− 4pidαs
β0α2s
=
dQ2
Q2
. (3.14)
Integrating (3.14) between Q2 and µ20 yields:
4pi
αs (µ20)
− 4pi
αs (Q2)
= β0ln
(
µ20
Q2
)
. (3.15)
Eq. (3.15) expresses the general rule that pure pQCD calculations only provide the evo-
lution of an observable relative to the value of this observable given at an arbitrary scale,
here µ0. To convey this more conveniently, the QCD scale parameter Λ is introduced.
At β0 order, it is defined as:
Λ2 ≡ µ2e−
4pi
β0αs(µ2) , (3.16)
which yields the familiar 1-loop solution:
αs(Q
2) =
4pi
β0ln (Q2/Λ2)
. (3.17)
We remark that the scale parameter Λ is RS-dependent, see Table (3.1). Consequently,
although the expressions of αs at order β0 or β1 are universal, their numerical values
would still depend on the choice of the RS through Λ, unless the observable approximants
in which αs is used are also limited to their RS-independent orders. The relation between
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Λ1 in a scheme 1 and Λ2 in a scheme 2 is, at the one-loop order:
Λ2 = Λ1e
2v1
β0 , (3.18)
where v1 is the leading order difference between the αs(Q
2) in the two RS: α
(2)
s (Q2) =
α
(1)
s (Q2)[1+v1α
(1)
s (Q2)/pi]. For example, the MS and MOM scale parameters are related
by:
ΛMOM = ΛMSe
507−40nf
792−32nf/3 , (3.19)
so that ΛMOM = 1.847ΛMS for nf = 2, ΛMOM = 1.817ΛMS for nf = 3 and ΛMOM =
1.783ΛMS for nf = 4.
The value of Λ is also dependent on the number of active quark flavors, see Section
3.3.
An exact analytical relation corresponding to Eq. (3.15) also exists at order β1:
4pi
αs (Q2)
−β1
β0
ln
(
4pi
αs (Q2)
+
β1
β0
)
=
4pi
αs (µ2)
−β1
β0
ln
(
4pi
αs (µ2)
+
β1
β0
)
+β0ln
(
Q2
µ2
)
, (3.20)
and an exact, but non-analytical, αs solution is given by [27]:
αs(Q
2) = −4piβ0
β1
1
W−1 (z)
, (3.21)
with z ≡ − β20
eβ1
(
Λ2
Q2
)β20/β1
and W−1 (z) is the lower branch of the real-valued Lambert
function solution of the equation z = W (z)eW (z). An accurate approximation of W−1
can be found in [28]. The scale parameter at β1 order is approximately (see Eq. (3.24)
truncated at β1):
Λ2 = Q2
(
4pi
β0αs (Q2)
+
β1
4piβ0
) β1
4piβ0
e
− 4pi
β0αs(Q2) . (3.22)
Extending this approach to β2 is difficult but the authors of [27] provided an ap-
proximate solution:
αs(Q
2) = −4piβ0
β1
1
1− β2β0
β21
W−1 (z)
, (3.23)
with z ≡ −β20
β1
(
Λ2
Q2
)β20/β1
e
β2β0
β21
−1
. The exact and approximate αs at order β1 and β2,
respectively, are shown in Fig. 3.1.
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Figure 3.1: The perturbative coupling αs(Q2) computed at different orders in βi using the
iterative method (black, red and blue lines: Eq. (3.24) at orders β1, β2 and β3, respectively)
and the exact and approximate solutions, Eq. (3.21) (β1, green line) and Eq. (3.23) (β2,
magenta line), respectively. The green and magenta lines are very close to each other. We use
nf = 3 and Λ = 0.34 GeV for the iterative method and adjusted Λ to 0.48 GeV for the others
so that all calculations match at large Q2. The coefficients β2 and β3 are calculated in the MS
renormalization scheme.
For orders up to β3, an approximate analytical solution to Eq. (3.6) is obtained by
an iterative method [29]:
αs(Q
2) =
4pi
β0ln (Q2/Λ2)
[
1− β1
β20
ln [ln(Q2/Λ2)]
ln(Q2/Λ2)
+
β21
β40 ln
2(Q2/Λ2)
((
ln
[
ln(Q2/Λ2)
])2 − ln [ln(Q2/Λ2)]− 1 + β2β0
β21
)
+
β31
β60 ln
3(Q2/Λ2)
(
− (ln [ln(Q2/Λ2)])3 + 5
2
(
ln
[
ln(Q2/Λ2)
])2
+ 2ln
[
ln(Q2/Λ2)
]− 1
2
− 3β2β0
β21
ln
[
ln(Q2/Λ2)
]
+
β3β
2
0
2β31
)
+O((ln [ln(Q
2/Λ2)])
4
ln(Q2/Λ2)
)
]
. (3.24)
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The integration constant Λ is the only unknown parameter in the monotonic equation
(3.24). Consequently, at a given order and in a given RS, the perturbative coupling
αs(Q
2) can be fully characterized either by giving the value of αs at a conventional
scale, usually, Q2 = M2Z , or by giving the value of Λ.
From Eq. (3.24), αs can be extracted from an observable at a given scale, evolved to
the conventional scale M2Z and compared to αs extracted using other observables. The
agreement of the values, see Section 3.9, demonstrates the universality of αs, the validity
of Eq. (3.6), and constitutes an important consistency check of QCD. To determine
αs(M
2
Z), or equivalently Λ, actual measurements or nonperturbative calculations are
necessary, see Section 3.9.
3.3 Quark thresholds
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Figure 3.2: The running coupling αs(Q2) at order β0 for a constant nf = 5 (blue line), with
Λnf=5 chosen so that it matches the experimental coupling value at Q2 = M2Z (shown by the
arrow). The effect of quarks becoming active is shown by the black line. The red line corrects
for it by threshold matching. We adjusted Λnf=2 to match the data at Q2 = M2Z .
Quark masses create additional higher order perturbation terms that have, for light
quarks, a small influence. However, they do indirectly and importantly affect αs through
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nf , the number of active quark flavors at scale Q
2. A quark flavor is active if its mass
m2q  Q2. For all other purposes, mq can be set to zero regardless whether it is active
or not. The loose requirement mq  Q implies that αs varies smoothly when passing
a quark threshold, rather than in discrete steps as depicted in Fig. 3.2. The matching
of the values of αs below and above a quark threshold makes Λ to depend on nf . For
example, at leading order, requesting that
α
nf−1
s
(
Q2 = m2q
)
= α
nf
s
(
Q2 = m2q
)
, (3.25)
imposes:
Λnf = Λnf−1
(
Λnf−1
mq
)2/(33−2nf )
. (3.26)
The formula at next order, β1, can be found in [30]. The four-loop matching in the MS
RS is given in [29]. Another procedure to treat the variation of active nf keeps the quark
masses nonzero in the quark loops and treat nf analytically [31].
3.4 Computation of the pQCD effective coupling
In this section, we illustrate how the coefficients βi of the perturbative β-series are
calculated by giving the steps leading to the expression of αs to lowest order and thus
of β0. This allows us to understand the physical origin of the processes contributing to
the running of the coupling in the UV domain. The MS scheme is used and we neglect
quark masses.
d
ba
c
Figure 3.3: Panel (a): leading order (Born) contribution to quark–quark scattering. Panels
(b), (c) and (d): quark, gluon and ghost loop corrections to the gluon propagator, respectively.
As already discussed, αs(Q
2) can be defined using the potential approach. The
higher-order processes producing a deviation of the quark–quark scattering amplitude
from the leading zero-order (Born amplitude, see Fig. 3.3(a) are folded into the bare
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coupling, thereby defining the effective coupling. The processes contributing to next
order –first order– are shown in Figs. 2.2(a), (b) and (c), and 3.3(b), (c) and (d).
We first consider the effect of quark loops on the gluon propagator, see Fig. 3.3 (b).
Applying QCD’s Feynman rules yields:
Dµνq (q) =
αs
3pi
(
qµqν − ηµνq2) ln(Q2
µ2
)
nf
δab
2
, (3.27)
where αs is the bare coupling constant and µ
2 the subtraction point. The term in Eq.
(3.27) is analogous to the one causing the QED effective coupling to run. In addition,
in QCD, gluon loops (Fig. 3.3(c) and tadpole graphs (Fig. 2.2(c) may also contribute.
In the MS scheme, however, tadpoles are suppressed. The calculation of the gluon loop
term is similar to the quark loop one and yields:
Dµνg (q) =
3αs
4pi
δab
[
11
6
qµqν − 19
12
ηµνq2 +
1− ξ
2
(
qµqν − ηµνq2)] ln(Q2
µ2
)
, (3.28)
with ξ a gauge fixing term. Contrary to the quark loop contribution, the propagator
Dµνg (q) is not proportional to (q
µqν − ηµνq2), i.e., when gluon loops are accounted for,
the gluon propagator is not transverse anymore and current conservation is violated:
Dµνg qµ 6= 0. There are several ways to address this. Gauges where gluons are always
transverse, such as the axial gauge or the light-cone gauge, can be chosen. Alternatively,
fictitious particles of spin zero but obeying the Fermi–Dirac statistics can be introduced,
the Fadeev–Popov ghosts [32]. Their characteristics are chosen so that they add a
loop contribution to the gluon propagator, see Fig. 3.3(d, that complements the non-
transverse term in Eq. (3.28), to make it transverse. They contribute as:
Dµνgh (q) = −
3αs
4pi
δab
[
1
6
qµqν +
1
12
ηµνq2
]
ln
(
Q2
µ2
)
. (3.29)
Contrary to QED, in QCD the fermion self-energy (Fig. 2.2(a) and vertex corrections
(Fig. 2.2(b) do not cancel each other and need to be accounted for. At first order the
self-energy correction is:
Gq (p) =
6 p
p2
δab
[
1− ξ αs
3pi
ln
(−p2
µ2
)]
, (3.30)
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and the vertex correction yields:
Γαβ;aµ (q) = −i
√
4piαs
λaαβ
2
γµ
[
1− αs
4pi
ln
(
Q2
µ2
){
4
3
ξ + 3
(
1− 1− ξ
4
)}]
, (3.31)
with λaαβ the Gell-Mann matrices, a the gluon color index and α, β the color indices for
the two quark lines.
In renormalization schemes based on dimensional regularization, the sum of all the
amplitudes is gauge invariant. Summing them yields the quark–quark scattering ampli-
tude up to next-to-leading order (NLO)
M =MBorn
[
1− αs
4pi
ln
(
Q2
µ2
){
2nf
3
− 13
2
− 9
2
}]
. (3.32)
One can trace back the 2nf/3 term to the quark loop corrections to the gluon propagator,
the −13/2 term to the gluon and ghost loop corrections to the gluon propagator, and
the −9/2 term to the vertex corrections. (The remaining graph –the quark self-energy,
Fig. 2.2(a)– does not contribute in the Landau gauge.)
Folding the deviations from the Born term into the coupling constant defines the
effective coupling αs, which is then at one loop:
αs
(
Q2
)
= αs
(
µ2
) [
1− αs (µ
2)
12pi
ln
(
Q2
µ2
)
{2nf − 33}
]
. (3.33)
Inverting the expression and assuming that αs(µ
2) is small for µ2  Q2, yields:
4pi
αs (Q2)
=
4pi
αs (µ2)
+
33− 2nf
3
ln
(
Q2
µ2
)
. (3.34)
Using Eq. (3.15), we identify
β0 = 11− 2nf
3
. (3.35)
In QED, only the photon propagator contributes to the running of the coupling
constant since Ward–Takahashi identities guarantee that the photon bremsstrahlung
cancels the vertex corrections. However, the Ward–Takahashi identities do not hold
for non-Abelian theories. A more restricted constraint is given by the Slavnov–Taylor
identities [33], which ensure that intermediate gauge-dependent quantities used in calcu-
lations, such as Green’s functions, yield final gauge-independent results for observables.
These constraints lead to relations between the various Green’s functions characterizing
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the propagation and interaction amplitudes and, as such, are especially important for
solving the Schwinger–Dyson equations, see Section 4.4.
3.5 Renormalization group
In this paragraph, the renormalization group (RG) approach is discussed. It provides
a more formal view of the mechanism inducing the running of αs. This more formal
derivation of αs(Q
2) is useful to understand how it is defined in some of the lattice and
Schwinger–Dyson studies in the IR, see Sections 4.4 and 4.5.
To regulate divergences, renormalization factors Zi(Q
2) are introduced to define
renormalized fields:
Aa,µ = Z
1/2
3 (Q
2)ARa,µ(Q
2), ψ = Z
1/2
2 (Q
2)ψR(Q2), Ca = Z˜
1/2
3 (Q
2)CRa (Q
2), (3.36)
where the superscript R indicates the now scale-dependent renormalized fields, and
Ca is the ghost field. Z3 is the gluon propagator renormalization factor, Z2 is the
quark self-energy renormalization factor and Z˜3 is the ghost propagator renormaliza-
tion factor. The ghost propagator is obtained by definition from the inverse of the
Fadeev–Popov operator (−∂ + A)A. The coupling constant is likewise renormalized:
αs = Q
2εZα(Q
2)αs(Q
2) where ε is the dimensional parameter in the MS scheme. In
such space, integrals are carried out in 4 − 2ε dimensions and the UV divergences are
regularized to 1/ε poles. The Zi are constructed as functions of 1/ε, such that they
cancel the 1/ε poles. Since αs = Q
2εZα(Q
2)αs(Q
2) = µ2εZα(µ
2)αs(µ
2), Zα defines the
scale dependence of the effective coupling such that αs(Q
2) = Zα(Q2, µ2)αs(µ2), with
Zα(Q2, µ2) ≡ (µ2ε/Q2ε)[Zα(Q2)/Zα(µ2)]. The Zα form a group with a composition law:
Zα(Q2, µ2) = Zα(Q2, µ20)Zα(µ20, µ2), a unity element: Zα(Q2, Q2) = 1 and an inversion
law: Zα(Q2, µ2) = Z−1α (µ2, Q2). The invariance under the infinitesimal transformation
Q→ Q+ δQ leads to the RG Eq. (3.6) with the leading order relation
Zα
(
Q2
)
= 1− β0αs (Q
2)
4piε
, (3.37)
necessary to cancel the 1/ε pole. This relation defines the coefficient β0.
In addition to field and coupling renormalization factors, vertex renormalization
factors can also be introduced. They are straightforwardly related to the Zi already
introduced. For example, the quark–quark–gluon vertex renormalization factor Z1 is
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Z1 = (Z2ZαZ3Z2)
1/2. From this, Zα can be extracted:
Zα =
Z21
Z22Z3
. (3.38)
Clearly, Zα can also be obtained from other graphs, such as the ghost–gluon vertex.
In the MS scheme, the Feynman rules yield at NLO Z1 = 1 − αs(Q2)(3 + 4/3)/4piε,
Z2 = 1 − αs(Q2)(4/3)/4piε and Z3 = 1 − αs(Q2)(−5 + 2nf/3)/4piε. Injecting these
expressions in Eq. (3.38), assuming that αs(Q
2) is small, and identifying with Eq.
(3.37) yields:
β0 = 11− 2nf
3
. (3.39)
3.6 The Landau pole and the QCD parameter Λ
The Landau pole is the point where the perturbative expression of αs, Eq. (3.24),
diverges. It occurs at the value of the scale parameter Λ. As we shall discuss, the
divergence of the perturbative prediction for the running coupling does not usually
appear in a nonperturbative approach such as AdS/QCD.
The value of Λ in pQCD depends on the RS, on the order of the β-series, βi, on the
number of flavors nf , and on the approximation chosen to solve Eq. (3.6) at orders higher
than β1. At order β0, the Landau singularity is a simple pole whereas at higher order,
it acquires a more complicated structure. The pole is located on the positive real axis
of the complex Q2-plane, and is thus unphysical: a pole at Λ < 0 would correspond to
production of on-shell particles. If Λ > 0, a physical pole would correspond to causality-
violating tachyons. The existence of the Landau pole thus implies that the perturbative
expression of αs is a non-observable quantity.
The appearance of an unphysical pole at Λ characterizes the scale at which pQCD
breaks down; i.e., where αs becomes large. Consequently, the value of Λ is often asso-
ciated with the confinement scale, or equivalently the hadronic mass scale. An explicit
relation between hadron masses and Λ is known in the framework of holographic QCD;
see Sec. 3.9.6. Λ can also be related to nonperturbative terms in the context of the
analytic QCD approach, see Section 5.3.
We remark that Landau poles were initially identified in the context of Abelian
QED. However, its value, Λ ∼ 1030−40 GeV, is well above the Planck scale [34]; it is thus
expected that new physics would suppress the occurrence of this unphysical divergence.
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3.7 Improvement of the perturbative series
Naively, one may think that at leading order, the smaller the value of Λ; i.e., the
smaller the momentum scale at which the Landau pole divergence occurs, the slower the
increase of αs(Q
2) as Q2 decreases. This would imply that for expansions at moderate
momentum scale, renormalization schemes with small Λ are preferable. Approximate
values of Λ in different schemes are given in Table 3.1. However, such a simple criterium
is foiled by the renormalon growth of the coefficients of the perturbative series. Different
growths in different renormalization schemes may balance the difference in values of Λ.
In principle, at large enough order, the balancing should be nearly exact since the
observable described is RS-independent. Some renormalization schemes have inherently
fast rising coefficients, independently of the renormalon problem, see e.g., Ref. [35] in
which it is shown that even for perturbative series tailored to be free of renormalons,
the MS scheme leads to intrinsically fast growing coefficients. The relations between
RS and their associated Λ are discussed in Ref. [22].
RS/eff. charge MS MS MOM V g1 R τ
Λ (GeV) 0.34 0.30 0.62 0.48 0.92 0.48 1.10
Table 3.1: Examples of approximate values of Λ in different renormalization schemes or
effective charge definitions, for nf = 3.
In this section, we shall discuss several ways to improve perturbative series. A
principle of the renormalization group is that a prediction for an observable cannot
depend on a theoretical convention such as the choice of the renormalization scheme.
The optimization of perturbative series can thus be tied to minimizing its RS-dependence
since it brings the pQCD approximant closer to the RS-independent observable. Such
an optimization and minimization of the RS-dependence clearly increases the predictive
power of pQCD.
3.7.1 Effective charges and commensurate scale relations
It was proposed by Grunberg that the QCD coupling can be defined directly from any
experimental observable [4] which is predictable in pQCD. In such a case, the coupling
is called an “effective charge”. The terminology “effective charges” is sometimes used
with different definitions. We will use it here in the sense defined by Grunberg.
The definition of the coupling from an observable obeys the RG Eq. (3.6) and has
important advantages: an effective charge is RS-independent, free of divergences and
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analytic when crossing quark thresholds; it improves perturbative expansions (suppress-
ing in particular the renormalon problem), and its definition is extendible to the IR
nonperturbative domain. It also unifies QED and QCD coupling’s definitions. In the
case of QED, the running coupling α(q2) was defined by Gell-Mann and Low from the
static Coulomb potential [36]; i.e., the strength of the Coulomb interaction of heavy
test charges at momentum transfer t = q2. The apparent disadvantage of Grunberg’s
effective charge approach is a process-dependence of the coupling. However, different
effective charges obtained from different observables can be analytically related to each
other as we will see shortly.
The general prescription to form Grunberg’s effective charge is to truncate the per-
turbative series of an observable to its first term in αs. Since this term is RS-independent,
so is the effective charge. For example, in the MS RS, the Bjorken sum [37] is known
in the perturbative domain, up to α4
MS
[38],
∫ 1−
0
dxBj
(
gp1
(
xBj, Q
2
)− gn1 (xBj, Q2)) = gA6
[
1− αMS
pi
− 3.58
(αMS
pi
)2
(3.40)
−20.21
(αMS
pi
)3
+ 175.7
(αMS
pi
)4
+O (α5
MS
)]
,
where αMS is the coupling in the MS RS. The effective charge αg1(Q
2) is defined from
the truncation:∫ 1−
0
dxBj
(
gp1
(
xBj, Q
2
)− gn1 (xBj, Q2)) ≡ gA6
[
1− αg1 (Q
2)
pi
]
. (3.41)
In these equations, gp1 and g
n
1 are the spin-dependent proton and neutron structure
functions, respectively, gA is the nucleon flavor-singlet axial charge, xBj is the Bjorken
scaling variable. By definition, the integration excludes the xBj = 1 elastic contribution,
(which in any case is negligible at large Q2). Such a definition amounts to a particular
choice of RS: In Eq. (3.6), the βn are RS-dependent for n ≥ 2, hence arbitrary, and one
is free to define them so that Eq. (3.41) is realized. In a sense, this definition generalizes
the introduction of effective running discussed in 2: all small distance quantum effects
generating the higher order terms in Eq. (3.40) are folded into the definition of αg1 .
Another effective charge is αD(Q
2), defined from the Adler function [39], a spacelike
continuation of Re+e−(s). Another example of an effective charge can be found in Ref.
[40] where the observable is defined from the hadronic decay rate of the τ lepton.
Clearly, effective charges depend on the choice of the observable. A natural conven-
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tional choice would be to follow QED and use αV , the strong coupling defined from the
static heavy quark potential [7, 41]. At 3-loop order and in the MS scheme it is:
V
(
Q2
)
= − 1
2pi2
4
3
αMS
[
1 + a1
(αMS
4pi
)
+ a2
(αMS
4pi
)2
+ a3
(αMS
4pi
)3]
Q2
(3.42)
with a1 = 31/3−10nf/9, a2 = 456.75−66.35nf +1.23n2f and a3 = 13432.6−3289.91nf +
185.99n2f − 1.37174n3f . Numerically, the ai coefficients are a1 = 5.88, a2 = 211.03
and a3 = 3161.00 for nf = 4, displaying a typical factorial renormalon growth. The
application of this formula to the spectroscopy and decays of Q–Q systems can be found
in Ref. [42]. The one-loop corrections to αV were performed in the late 1970s and early
1980s [7, 43]. The two-loop calculations became available in the late 1990s and early
2000s [44, 45]. Three-loop calculations were made available recently, see [46, 47, 48]
and the recent reviews [49, 50, 26]. Alternatively, the determination of αV from its MS
(or other) RS can be done using Commensurate Scale Relations –to be discussed next–
which eliminate the renormalon growth problem of the high order coefficients and thus
improves the convergence of the pQCD series.
However, the definition of αV as an effective charge must be made with care in a non-
Abelian theory. In QED the Gell-Mann–Low coupling effective charge α(q2) is defined
from the momentum space potential, V (q2) = [e1e2α(q
2)]/q2, which generates the single-
photon exchange scattering amplitude proportional to the charges of two infinitely heavy
test charges e1 and e2. In contrast to its QED equivalent, in QCD multi-gluon exchange
between the two static quarks cannot be separated from single-gluon exchange due to
the contributions of multi-gluon diagrams. The exchanged gluons become connected by
gluon exchange by the 3-gluon and 4-gluon couplings –the “H” diagrams, see Fig. 2.2(d).
In QED, the analogous multi-photon exchange diagrams, such as those due to light-by-
light scattering, can be suppressed by taking the formal limit of small external charges
e1 and e2. In pQCD, the multi-gluon exchange contributions are infrared divergent [7, 8]
as the test static quarks are separated; each additional horizontal rung that connects
the two vertical gluons contributes an additional IR divergence. Thus a conventional
effective charge cannot be directly defined from the heavy quark scattering potential
since it should be finite in the IR. The IR divergence can be regularized by a parameter
µ−1 which cuts off the loop integration at large distances. For example, if one evaluates
the QCD interaction between two heavy quarks in a quarkonium bound state, the value
of µ corresponds to the (finite) size of the bound Q–Q system considered. The divergence
occurs for µ = 0. Hence, the effective charge αV depends not only on the specific QCD
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process from which it is defined – as any effective charge does – but it also depends on the
hadron environment in which this process occurs. This is analogous to the IR-sensitive
Bethe state-dependent logarithm in the Lamb Shift in hydrogen atoms in QED.
The physical IR divergence of the multi-gluon exchange H diagrams in pQCD signals
that QCD can only be consistent if color is confined –a remarkable fact. This can be
contrasted with the fact that the Landau pole, which also produces an IR divergence,
does not imply confinement since the pole is unphysical.
Other measured or calculated effective charges can be related to αV , or more gen-
erally, to any other effective charge by Commensurate Scale Relations (CSR) [51]. The
CSR are RS-independent. The relation between two schemes A and B is of the form:
αA (Q)
pi
=
αB (Q
∗)
pi
+ a
(
αB (Q
∗∗)
pi
)2
+ b
(
αB (Q
∗∗∗)
pi
)3
+ · · · . (3.43)
The commensurate scale, Q∗, gives the mean virtuality of the exchanged gluon and thus
the number of effective heavy quark flavors nf . One has Q
∗ = Q for αV , just like the
scale µ in the QED coupling is set by the virtuality of the photon. At leading order
(LO), Q = 1.18 Q∗ for αg1 , Q = 1.36 Q
∗ for ατ and Q = 0.435 Q∗ for αMS. The first
equality indicates that the V -scheme and g1-scheme are similar, αg1(Q) ∼ αV (Q), while
αMS(Q) < αV (Q) since having Q
∗ > Q is equivalent to shifting the Landau pole to a
lower scale, see Fig. 3.4. Re-expressing the LO of Eq. (3.15) with µ = Q and µ = Q∗
yields
αs
(
Q2
)
=
αs (Q
∗2)
1 + β0
4pi
ln
(
Q2
Q∗2
) = αs (Q∗2) ∞∑
n=0
[
− β0
4pi
ln
(
Q2
Q∗2
)]n
, (3.44)
which shows that the shift of scales amounts to re-organizing the perturbative expansion
in αs of an observable. The Commensurate Scale Relations have been shown to hold to
any order of pQCD [52].
3.7.2 The Brodsky, Lepage and Mackenzie procedure and its
extensions
The Brodsky, Lepage and Mackenzie (BLM) procedure [53] is a widely used method
to optimize the perturbative series by setting the renormalization scales of the running
coupling αns (Q
∗
n) at each order n to absorb all β terms. The coefficients of the pQCD
series then matches the corresponding “conformal” series with β = 0. The resulting
predictions are then RS-invariant.
32
1
2 2Q  (GeV  )
1010 2
s
α
(Q
 )2
0.2
0.4
0.6
0
0.8
1
Figure 3.4: The strong coupling αs(Q2) expressed in different renormalization schemes (black:
MS-scheme, red: g1 effective charge, blue V -scheme) and using a scale µ 6= Q (green). We
chose µ = 0.708 Q which, in the CSR context, is the LO scale shift transforming αMS into αR
(αR is the effective charge obtained from the ratio of the e
+ + e− → hadrons rate to that for
e+ + e− → µ+ + µ−). In this figure, αMS was computed with nf = 3, Λ = 0.34 GeV and to
order β2.
The BLM procedure originates from the observation that in QED, the vacuum po-
larization contributions to the photon propagator are solely responsible for the running
of α. For example, in Mo¨ller scattering, the one-photon exchange amplitude depends on
α(t) = α(0)
1−Π(t) and α(u) =
α(0)
1−Π(u) which sums all vacuum polarization contributions to
all orders.
For QCD, BLM showed that one can extend the QED scale-setting procedure to
NLO in pQCD by identifying the β0 and β1 terms in the pQCD series from their unique
dependence on nf and absorbing them by shifting the renormalization scale. As in QED,
the resulting scales characterize the virtuality of the propagators in the amplitude and
the effective number of flavors. The BLM procedure reduces to the Gell-Mann–Low
scale setting in the Abelian limit NC → 0.
More explicitly, the NLO expression of an observable can be rewritten in a form
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making its nf -dependence explicit:
R = r0
αns (µ)
pi
(
1 + [A+Bnf ]
αs (µ)
pi
)
. (3.45)
Using the RG Eqs. (3.15) and (3.35), Eq. (3.45) becomes
R = r0
αns
(
µe3B/n
)
pi
(
1 +
[
A+
33
2
B
]
αs
(
µe3B/n
)
pi
)
, (3.46)
with the scale shifting µ→ µe3B/n.
The BLM procedure was extended to next-to-next-to leading order (NNLO) by Brod-
sky and Lu [51]. The renormalization scale µ2(q23, q
2
2, q
2
3) for the three-gluon vertex as a
function of the Feynman virtualities of the three external gluons is given in [54] Exten-
sions to higher orders are not as straightforward because of additional nf -dependences
due to processes unrelated to the running of αs such as the UV finite corrections to the
three and four-gluon vertices.
Several extensions of the BLM procedure have been proposed, for example by Grun-
berg and Kataev [55]. An early extension of the BLM procedure was proposed by
Neubert in Ref. [56], along with an explanation for the appearance of the 1/Q2 power
corrections at low momentum transfer. The sequential extended BLM procedure pro-
posed by Kataev and Mikhailov [57] builds on Neubert’s proposal. This extension, which
aims at improving the perturbative series convergence, is discussed further in a modified
form by Ma et al. in Ref. [58]. As we discuss in the next section, a rigorous procedure
for identifying the β terms and setting the scales at any order in pQCD is given by the
Principle of Maximum Conformality.
The BLM procedure and its extensions are physically motivated, minimizing the
unphysical RS-dependence of the series. This is achieved by shifting the scale µ so that
at all orders of Eq. (3.5), the RS-dependence of αs cancels the RS-dependence of rn.
Other procedures have been developed in which the physical basis is the non-relativistic
heavy quark phenomenology [59] or the effects of gluon radiation [60].
3.7.3 Principle of maximum conformality
The Principle of Maximum Conformality [61, 62, 52] provides a rigorous general-
ization of the BLM procedure. In this method, one first generalizes the dimensional
regularization by subtracting an extra constant δ, in addition to the ln4pi − γE sub-
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traction which defines the standard MS scheme. This defines the Rδ scheme. The
coefficients of δn in the resulting pQCD series uniquely identify the β terms and the pat-
tern of their occurrence at every order. The Rδ procedure thus systematically identifies
the nonconformal β contributions to any perturbative QCD series.
All nonconformal (i.e., scale-dependent) terms in the perturbative series describing
an observable are thus identified at each order and resummed in αns by shifting its ar-
gument, thus allowing the automatic implementation of the BLM/PMC procedure at
all orders. One thus obtains a perturbative series that is maximally conformal and thus
scheme-independent. The BLM/PMC procedure restores the original purpose of intro-
ducing a running coupling and resolves the renormalon and RS-dependence ambiguities.
The elimination of the renormalization scale ambiguity greatly increases the preci-
sion, convergence, and reliability of pQCD predictions. For example, PMC scale-setting
has been applied to the pQCD prediction for tt¯ pair production at the LHC, where
subtle aspects of the renormalization scale of the three-gluon vertex and multi-gluon
amplitudes, as well as large radiative corrections to heavy quarks at threshold, play a
crucial role. The large discrepancy of pQCD predictions with the tt¯ forward–backward
asymmetry measured at the Tevatron is significantly reduced from 3σ to approximately
1σ.
In general, amplitudes of the same order may have different renormalization scales.
For example, the t-channel and u-channel photon–exchange amplitudes appearing in
Mo¨ller scattering in QED at lowest order have scales µ2 = t and µ2 = u, respectively,
in the Gell-Mann Low scheme. In addition, new scales will appear at each higher order,
reflecting different momentum flow and gluon virtuality [63]. The number of effective
leptons n` in the QED β function also changes. For example, the renormalization scales
of the two-photon exchange amplitudes in Mo¨ller scattering have a smaller size than the
scales of the Born amplitude since the two photons share the overall virtuality.
Distinctive renormalization scales have important phenomenological consequences
for pQCD, especially in processes which are sensitive to the interference between con-
tributing amplitudes such as the forward–backward heavy quark asymmetries. In each
case, the correct scales will be set automatically by applying the PMC.
It should be emphasized that the conventional procedure of guessing a single renor-
malization scale and its range gives pQCD results for physical observables that depend
on the renormalization scheme, contrary to the principles of the renormalization group.
The conventional procedure is also clearly incorrect for QED. Varying the renormaliza-
tion scale over a fixed range does not give a reliable method for estimating uncertainties
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in a pQCD expansion since the variation only exposes the nonconformal β-dependent
terms.
3.8 Other optimization procedures
We have discussed the BLM/PMC prescription and Commensurate Scale Relations
in the previous sections. Other optimization procedures exist. We briefly discuss here the
Fastest Apparent Convergence (FAC) principle, Principle of Minimal Sensitivity (PMS)
and Optimized Perturbation Theory (OPT). The goal of these approaches is to devise
an optimization procedure that sets the value of the first ambiguously defined (RS-
dependent) parameter of the β-series (β2). The 3-loop perturbative correction to a given
observable (often unknown at the time when these ideas were developed) is minimized
by the optimization. This leads to the removal of the Landau pole and generally makes
the coupling observable dependent.
The FAC principle [4] is related to effective charges in the sense that it fixes the scale
µ so that all perturbative coefficients beyond a given order are set to zero. However, the
FAC procedure is not meant to be a scale-setting procedure.
The Principle of Minimal Sensitivity [64] assumes that, since observables should be
RS-independent, their best approximations obtained via perturbation theory should be
stable under small RS variations. In practice, this is realized by imposing the inde-
pendence of αs with respect to Λ and the other RS-dependent parameters of a given
perturbative series. However, as shown by Kramer and Lampe [65], the resulting PMS
scales can be unphysical; for example, in the case of e+e− → qq¯g the PMS scale grows
without bound when the gluon virtuality becomes soft.
Optimized Perturbation Theory (OPT) is based on the PMS procedure [64]. The
convergence of the perturbative expansion, Eq. (3.2), truncated to a given order nt,
is enhanced by requesting its independence from the choice of RS. The optimization is
implemented by identifying the RS-dependent parameters in the nt-truncated series (the
βn for 2 ≤ n ≤ nt and Λ), and requesting that the partial derivative of the perturbative
expansion of the observable with respect to the RS-dependent parameters vanishes.
Demanding RS-independence modifies the series coefficients rn (1 ≤ n ≤ nt) and the
coupling αs to “optimized” values r˜n and α˜s. At first order the requirement of RS-
independence imposes that Eq. (3.2) satisfies the Callan–Symanzik equation (3.4) with
β truncated at order nt. This implies that the perturbative coefficients re-acquire a scale
dependence: rn (Q
2, µ2, xf ). This approach is based on a convergence criterion rather
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than physical criteria as for effective charges or the BLM procedure and its extensions,
or a simplicity criterion as for the MS scheme. In addition, the OPT redefines αs since
part of the scale dependence present in the usual definition is factored out of it and
included back in the rn (Q
2, µ2, x) coefficients. In the context of the PMS/OPT, given
the perturbative expansion of an observable and of αs at order nt, one can assess whether
their combination is compatible with a small value of αs at low momentum transfer. If
so, the perturbative calculations can then be improved since the optimized coupling does
not have a Landau pole and so, its growth at moderate momentum transfer is slower.
This apparently allows one to extend the perturbative series to lower energies [64, 66].
However, this procedure may hide situations where the physics of the subprocess requires
consideration of nonperturbative dynamics [67]. An example is e+e− → bb¯, where the
scale of the final state gluon exchange is of order v2m2b and v → 0 is the bb¯ relative
velocity.
It should be noted that the BLM/PMC scale-setting procedure automatically elim-
inates the dependence of the prediction on the choice of RS, so it automatically achieves
the goals set by the PMS and OPT [67]. The resulting renormalization scales are always
physical, reflecting the virtuality of the amplitude and, as in QED, setting the number
of active flavors nf appropriately at each order. The dependence on the choice of the
initial scale µ0 is also minimized by the BLM/PMC procedure.
The PMC method has now been applied to many collider processes including multi-
scale problems. The results are independent of the renormalization scheme and the
procedure removes the problematic renormalon growth of the perturbative expansion,
eliminates an unnecessary theoretical systematic error, and gives increased precision of
the pQCD predictions. This includes pQCD predictions for LHC processes, such as Higgs
and top quark production, thus greatly improving the sensitivity of LHC measurements
to new physics.
3.9 Determination of the strong coupling αs(M
2
Z) or
the QCD scale Λ
The coupling αs in a convenient scheme, such as the MS scheme, can be extracted
from a number of different measurements involving hadronic reactions. Constraints can
also be obtained from lattice gauge theory calculations. A comprehensive review of
typical measures is given in Refs. [68, 69]. The various determinations can be compared
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Figure 3.5: Evolution of the average world data for αs(M2Z) (Particle Data Group average
[1]).
with each other by either evolving them to a common scale, typically the Z0 mass MZ , or
by giving the value of Λ taking the appropriate number of effective flavors nf . There has
been important progresses toward highly accurate and precise determinations of αs(M
2
Z),
as can be judged from Fig. 3.5 which summarizes our knowledge over the last 30 years as
recorded by the Particle Data Group [1]. The present Q2-range of the αs determinations
is approximately 0.05 < Q2 < 103 GeV2, although only data above Q2 greater than a few
GeV2 can be safely evolved with well-controlled perturbative equations. The large range
provides an essential check on the pQCD prediction for the running of the coupling,
Eq. (3.24), a fundamental check of the theory. In many cases, the precision could be
improved further by fixing the renormalization scale using the PMC procedure.
Several authors have compiled and compared the existing world data; see, for ex-
ample, the recent Refs. [1, 3, 70, 71]. The overall agreement between different determi-
nations of αs(M
2
Z) within about 4% provides an important consistency check of pQCD.
There are nevertheless tensions between various measurements which are presently at-
tributed to the underestimation of uncertainties, rather than the failure of QCD or effects
from physics beyond the Standard Model. Typically, an Unbiased Estimate is obtained
by fitting the set of αs(M
2
Z) and scaling the individual uncertainties by an overall factor,
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until the χ2/ndf of the fit reaches unity in order to account for underestimated uncer-
tainties and for possible correlations between different determinations of αs(M
2
Z). For
the most precise determinations, theoretical uncertainties usually dominate.
We summarize in this section the most effective methods for obtaining αs(M
2
Z).
In general, the conditions for a competitive extraction of αs are a precisely measured
quantity, as inclusive as possible, with high sensitivity to αs. In the case of hadron
production in e+e− collisions, QCD enters as a correction to the electroweak process, so
the corresponding observables are only moderately sensitive to αs. In contrast, hadronic
decays of heavy mesons are directly proportional to α3s. The perturbative expression
of the quantity must also be accurately known to high enough order, typically NNLO.
The measurement must be done either at large Q2 to suppress unknown nonperturbative
1/Qn power corrections, or at low Q2 but with small nonperturbative corrections. The
evolution from low Q2 to M2Z then suppresses the overall uncertainties.
After describing the experimental status of αs, we will discuss several non-experi-
mental methods for predicting αs. We then conclude by comparing some of the recent
world data.
3.9.1 Deep Inelastic Scattering
The basic process underlying deep inelastic lepton–hadron scattering (DIS) is the
elementary lepton–quark scattering process `q → `′q′. The DIS (inclusive) data are sen-
sitive to αs through violations of Bjorken scaling induced at LO by gluon bremsstrahlung
from the struck quark as well as the photon–gluon fusion and pair creation processes un-
derlying the pQCD Q2-evolution equations (Dokshitzer–Gribov–Lipatov–Altarelli–Parisi
(DGLAP) equations [72]). At NLO, the quark–photon vertex and the quark self-energy
corrections enter. DIS data arguably provide the most robust way to obtain αs(M
2
Z) since
the observables – the nucleon unpolarized and polarized structure functions F2(xBj, Q
2),
g1(xBj, Q
2) and F3(xBj, Q
2)– are fully inclusive, and thus have no uncertainties from
final-state hadronic corrections.
The choice of the kinematic domain where pQCD analyses have been applied to DIS
data is typically set at Q2 > 1 or 2 GeV2 in order to minimize higher-twist power-law
corrections arising from multiparton processes. One also limits the invariant mass W >
2–4 GeV in order to exclude final-state high mass resonances, and one takes xBj > 0.01 to
avoid low-xBj resummation problems. High-xBj values are also excluded, since higher-
twist subprocesses can become significant in this domain [73]. The precision of the
determinants of αs(M
2
Z) from DIS measurements is at the percent level due to the high
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precision of the measurements of the unpolarized structure function F2(xBj, Q
2) –now
reaching 1% level over a wide kinematic range. The precision of the strong coupling
αs(M
2
Z) in this case is limited by uncertainties of the gluon density distribution. The
theoretical understanding underlying the evolution of the polarized structure function
g1(xBj, Q
2) is well developed, but the precision of the data needs further improvement.
Precise measurements of αs could in principle be obtained from the Q
2-dependences
of observables known to NNLO such as the Bjorken [37] or the Gross–Llewellyn Smith
(GLS) sum rules [74]. The cleanest DIS observable for accessing αs(M
2
Z) is the Bjorken
integral,
∫ 1
0
dxBj(g
p
1(xBj, Q
2)−gn1 (xBj, Q2)). As such, the Bjorken integralQ2-dependence
is particularly simple and known up to N3LO, see Eq. (3.40). Since it is non-singlet in
isospin, there is no gluon distribution input, and thus an absolute and rigorous pQCD
prediction exists (the Bjorken sum rule [37]). In practice, however, the input data lacks
precision because one requires doubly polarized measurements on both the neutron and
proton. Furthermore, the most precise measurements are at relatively low Q2, Q2 ≤ 5
GeV2, see [75]. Finally, there is an important uncertainty arising from the unmeasured
low−xBj part of the integral. These caveats more than counterbalance the advantages
of the observable, and thus the resulting αs(M
2
Z) is not quite yet competitive with the
best extractions of αs(M
2
Z). The fit of the Q
2-dependence of the Bjorken integral was
used first in Ref. [76]. The latest measurements incorporate recent DIS data from Jef-
ferson Lab’s Hall B, yielding αs(M
2
Z) = 0.1123 ± 0.0061 [75]. Since relatively low Q2
data points are included, the nonperturbative higher-twist correction µp−n4 /Q
2 to the
Q2-dependence of the Bjorken integral has been accounted for with µp−n4 of the order of
-0.02 GeV2. The µp−n6 /Q
4 and higher order power corrections could be neglected.
The GLS sum rule [74], which relates the number of valence quarks in the nucleon to
its F3 (xBj, Q
2) structure function, offers the same advantages as the Bjorken sum rule.
In the MS RS it reads:∫ 1
0
dxBjF3(xBj, Q
2) = 3
[
1− αMS
pi
− 3.58
(αMS
pi
)2
− 18.98
(αMS
pi
)3
+O (α4
MS
)]
+O (1/Q2) , (3.47)
with the same perturbative correction as the Bjorken sum rule, except for a small con-
tribution at order α3s from a light-by-light box-graph contribution. However, the ex-
perimental difficulties in measuring the GLS sum are even greater than for the Bjorken
sum since it involves neutrino DIS measurements, and thus no precise determinations of
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αs(M
2
Z) from the GLS sum rule exist at the moment. An example of extraction of αs
from a higher moment of F3 can be found in [77]. The available data for the GLS sum
rule come from the CCFR measurement [78].
The Q2-dependence of structure function moments can be used to determine αs,
even without a sum rule to anchor its absolute magnitude. Bernstein polynomials can
be inserted into the moments, to weight the integrand over the measured domain, thereby
suppressing the uncertainties from the extrapolations to large and low xBj [79].
As we have noted, the most precise values of αs(M
2
Z) from DIS are at present ob-
tained from structure functions or parton distribution functions global fits. Blumlein and
collaborators [80] have combined the world data for structure functions. The analysis
at NNLO, yields αs(M
2
Z) = 0.1133± 0.0015 (we have included a theoretical uncertainty
not quoted by the authors and estimated from [81]) or αs(M
2
Z) = 0.1134 ± 0.0020,
if only non-singlet structure functions are included. Another analysis from Jimenez-
Delgado and Reya [82], which incorporates most of the world data for parton distri-
butions, leads to αs(M
2
Z) = 0.1136 ± 0.0014. The NNPDF collaboration has extracted
αs(M
2
Z) = 0.1191± 0.0006, with a small systematic uncertainty estimated using neural
networks [68, 83].
Jet production in DIS provides another observable for determining αs. For example
the production rate based on the subprocess γ∗q → qg is directly proportional to αs. The
phenomena underlying the production of a gluon jet are the same as the ones responsible
for the DGLAP Q2-dependence of the DIS structure functions: bremsstrahlung and
photon–gluon fusion. The appropriate kinematic domain is high Q2 and large values
of the mean transverse energy of the two highest energy jets. If one extracts αs from
the resulting scaling violations, the precision is limited by the correlation between αs
and the gluon distribution. An advantage of this technique is that it allows one to
directly measure the Q2-dependence of αs. A recent extraction from neutral-current DIS
measurements of inclusive jet, dijet and trijet cross-sections at HERA (H1 collaboration)
compared to the NLO expressions yields αs(M
2
Z) = 0.1160± 0.0011(exp) ±0.0032(PDF,
theory) [84].
3.9.2 Observables from e+e− collisions
Observables from e+e− collisions provide other inclusive processes to extract αs(M2Z).
At leading order, the e+e− pair annihilates into a virtual photon or a Z0 which in turn
decays into a quark–antiquark pair. At the Z0-pole the observables are the Z0 decay
width ΓZ , the ratio RZ of the Z
0 hadronic decay width normalized to the leptonic
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width, and the hadronic and leptonic cross-sections. The leptonic cross-section involves
the ΓZ width and thus is sensitive to αs. Away from the pole, virtual photon production
competes with Z0 production. One can measure the ratio of the hadron production
to lepton pair-production. In each case, the sensitivity to αs comes from ΓZ and its
predominant hadronic decays. The experimental set-ups are distinct, and thus yield
results with largely independent and uncorrelated experimental systematic uncertainties.
Ratios such as RZ and Rτ are experimentally robust and thus have smaller systematic
uncertainties. The sensitivity to αs originates at LO from bremsstrahlung on the quark–
antiquark lines into which the Z0 or photon have decayed. As it is the case for DIS,
vertex and quark self-energy corrections enter at NLO. The pQCD corrections to the
e+e− collision observables are usually known to NNLO or to N3LO for RZ and Rτ
[85]. The uncertainties of the evolution equations are small, and thus the dominant
uncertainty on the extraction of αs is mostly experimental.
The N3LO expression for R is:
R(Q2) = REW
(
1 +
αs (Q
2)
pi
+ [1.9857− 0.1153nf ] α
2
s (Q
2)
pi
+
[−6.6369− 1.2011nf − 0.0052n2f − 1.240η] α3s (Q2)pi
+
[−156.61− 18.775nf − 0.7974n2f + 0.0215n3f + (17.828− 0.575nf ) η] α4s (Q2)pi
+O(α5s
(
Q2
)
) + δNP
)
, (3.48)
where REW is the pure electroweak expectation, η = (Σeq)
2/(3Σe2q) with eq the quark
electric charges, and δNP includes the nonperturbative power corrections.
A useful final state from Z0 decay is a τ+τ− pair. The τ can in turn undergo
hadronic or leptonic decays, the ratio of which, Rτ , allows the extraction of αs at the
low momentum scale M2τ = 3.157 GeV
2 [86]. This leads to an accurate αs(M
2
Z) de-
termination, mostly because of the inclusiveness of Rτ and because the evolution from
M2τ to M
2
Z suppresses the absolute experimental uncertainties by approximately a fac-
tor α2s(M
2
τ )/α
2
s(M
2
Z) ' 7. However, low momentum transfer measurements require the
control of higher order pQCD corrections as well as nonperturbative power corrections.
For Rτ , the nonperturbative corrections are suppressed as M
6
τ and are estimated [87].
However, it is unclear that the perturbative corrections are determined properly for the
most precise extractions, since different approaches to the perturbative series yield in-
compatible results, see e.g., Refs. [68] or [71]. One pQCD expansion is done in the fixed
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order perturbation theory (FOPT), while the other is done in the contour-improved per-
turbation theory (CIPT). The pQCD expansion of Rτ is derived from the vector and
axial–vector current correlation functions. In the MS scheme the pQCD approximant
of Rτ is:
Rτ = NC |Vud|2 SEW (Mτ ,MZ)
[
1 + A1 + 1.63982A2 + 6.37101A3
+ 49.07570A4 +O(A5) + δNP
]
, (3.49)
where SEW = 1.01907±0.0003 accounts for the electroweak radiative corrections, δNP '
−0.006 is the nonperturbative correction and An are contour integrals depending, at LO,
on αs only:
An =
1
2pii
∮
|s|=M2τ
ds
s
(
αs(s)
pi
)n(
1− 2 s
M2τ
+ 2
s3
M6τ
− 2 s
4
M8τ
)
. (3.50)
FOPT expands the An in αs, An = α
n
s (M
2
τ )/pi + O(αn+1s (M2τ )/pi), while CIPT uses
a numerical approach to keep the An unexpanded; i.e., the higher orders in αs are
resummed compared to the FOPT perturbative series. The FOPT expansion yields:
Rτ = NC |Vud|2 SEW (Mτ ,MZ)
[
1 +
αs(M
2
τ )
pi
+ 5.202
α2s(M
2
τ )
pi
+ 26.37
α3s(M
2
τ )
pi
+ 127.1
α4s(M
2
τ )
pi
+O(A5) + δNP
]
. (3.51)
The question of which expansion is preferable has not yet been settled. It has been
argued that the FOPT uncertainties have been underestimated, and if they are properly
calculated, the two techniques will agree –see the contribution of S. Menke to Ref.
[68]. The latest analysis of τ -decay data, using RG-improved FOPT expansion, yields
αs(M
2
τ ) = 0.3189
+0.0173
−0.0151, corresponding to αs(M
2
Z) = 0.1184
+0.0021
−0.0018 [88]. The experimental
data are from the ALEPH [89] and OPAL [90] experiments at LEP (CERN) .
Observables based on jet shapes can also be used to access αs(M
2
Z). These observ-
ables are less inclusive but are sensitive to αs at leading order. Event shapes measure the
departure of the momentum flow in an event from that of the 2-body qq configuration.
Extractions are carried out at NNLO. Uncertainties from nonperturbative hadroniza-
tion processes dominate the total uncertainty. The shape observable that has provided
the most precise determination of the coupling is the “thrust”, T . It measures the
alignment of the produced particles with respect to the thrust axis, defined as the
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axis on which the projected momenta of the produced particles is maximal. Thrust
varies between 0.5 < T < 1. The low values characterize the 3-jet region where pQCD
is applicable, and high values characterize the 2-jet region where nonperturbative ef-
fects due to soft/collinear gluons are important. Recently, Gehrmann, Luisoni and
Monni [91] used thrust data from the TASSO experiment at PETRA (DESY) [92] and
the ALEPH [93] and L3 [94] experiments at LEP to obtain αRgap(M
2
Z) = 0.1131
+0.0028
−0.0022
and αRgap(2 GeV) = 0.538
+0.102
−0.047 (both in the Rgap−scheme). Another recent thrust
result, from Abbate et al. [95], includes additional experimental data from JADE (PE-
TRA) [96], OPAL [97], DELPHI [98] (LEP) and AMY [99] (at TRISTAN). It yields
αs(M
2
Z) = 0.1135 ± 0.0025 (MS scheme), in good agreement with an earlier more pre-
cise extraction by the same group, αs(M
2
Z) = 0.1135±0.0010. Another very recent thrust
result [100] (still unpublished) yields αRgap(M
2
Z) = 0.1128±0.0012, using ALEPH, DEL-
PHI, JADE, OPAL and SLD (SLAC) [101] data. The same group also provides another
determination using a different event-shape observable, the C-parameter distribution:
αRgap(M
2
Z) = 0.1123± 0.0015 (both results are in the Rgap scheme).
Another recent determination is from the analysis of the Q2-evolution of the average
gluon and quark jet multiplicities using a recently improved formalism. This analysis
yields αs(M
2
Z) = 0.1199 ± 0.0026 [102]. A global electroweak fit of weak decay data
by Erler and Freitas [1], yields αs(M
2
Z) = 0.1192± 0.0027 with, noticeably, a negligible
theoretical contribution to the uncertainty.
3.9.3 Observables from pp collisions
Most of the determinations of αs from hadronic collisions have been limited to NLO.
However, the CMS collaboration at LHC has recently determined αs from the inclu-
sive cross section for top-quark pair tt production based on a NNLO analysis that is
constrained by PDF inputs. This analysis yields αs(M
2
Z) = 0.1185
+0.0063
−0.0042 [103].
Another important result of the high energy hadron colliders, the LHC and the Teva-
tron, is the experimental verification of the running of αs(Q
2) at very large momentum
transfers of order 1 TeV.
Inclusive jet production from pp collisions is proportional to α2s(Q
2) at LO, and it
provides constraints on the global PDF fits of DIS and hard scattering data. The MSTW
combined fit of DIS and jet data yields αs(M
2
Z) = 0.1180± 0.0014 at NLO [104].
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3.9.4 Lattice QCD
Lattice QCD can provide accurate determinations of αs(M
2
Z) at the 1% level, al-
though it is not certain that all uncertainties are understood, see e.g., Refs. [3] or [68].
Consequently, attention has focused recently on a better understanding and control of
the lattice systematic uncertainties. The systematic uncertainties quoted in the older
calculations (10 years ago or earlier) are most likely underestimated and not well con-
trolled. Recent unquenched calculations explicitly include quark loops up to 2+1 or
2+1+1 quark flavors. This is adequate for the momentum transfer range at which the
calculations are performed (2+1 means that one of the sea quark masses is set to the
strange quark mass, while the two others are taken as small as practically possible. For
2+1+1, the charm quark mass is added).
A recent exhaustive review of the lattice results extracting αs in the pQCD domain
can be found in [105]. It also provides a compilation of the lattice results, yielding an
average value for the coupling αs(M
2
Z) = 0.1184±0.0012. In this Section, we first outline
the method, its benefits and its limitations. We will then report on the most recent and
most accurate determinations of αs in the UV domain.
Lattice calculation technique Lattice calculations use the path integral formalism
[106]. Path integrals provide the probability of evolving from an initial state |xi〉 to a final
state |xf〉, summing over all possible space-time trajectories. The integral is weighted
by a factor depending on the system’s action, S. For example for a one–dimensional
system the propagator is given by:
〈xf | e−iHt |xi〉 =
∫
Dx(t)e−iS[x(t)]/~, (3.52)
where
∫
Dx symbolizes the integration over all paths for which x(tf ) = xf and x(ti) = xi.
In Eq. (3.52), we exhibit the dependence on ~ explicitly in order to underline the link
between path integrals (quantum description) and the principles of Fermat/Maupertuis
(the least action principle), which specify that the classical path (~→ 0) must yield the
smallest value of S. The fact that ~ 6= 0 allows excursions outside the classical path and
is responsible for the quantum effects.
Path integrals are rarely solved analytically. They are also difficult to determine
numerically since, for a 4–dimensional space, one requires an n–dimensional integration,
with n = 4×(possible number of paths). Since the number of possible paths is infinite,
one must restrict the number of paths to a representative sample. This integration is then
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carried on a finite sample. The most efficient technique for such numerical integrations is
to use the Monte Carlo method. It is also more efficient to work in Euclidean rather than
in Minkowski space. After a Wick rotation it → t [107], the weighting factor becomes
e−SE which is easier to process than the oscillating function e−iS. Here, SE denotes the
Euclidean action. Using these methods, one can simply calculate correlation functions
such as
〈A1 . . . An〉 =
∫
Dx A1 . . . Ane
−SE∫
Dx e−SE
, (3.53)
where Ai is the gauge field at position xi. In particular, the two-point correlation
function at 〈x1x2〉 represents the propagator of a boson. As soon as interacting fields are
involved, no methods are known to directly solve Eq. (3.53) analytically. However, if the
strength of the interaction is sufficiently weak, one can analytically evaluate the Gaussian
integrals by expanding the exponential involving the interaction term (e.g. pQCD or
QED). However, if the coupling is large, the integrals must be treated numerically. The
numerical technique used is as follows: space is discretized (approximated by a lattice)
and the paths linking the different sites (nodes of discretized space-time) are generated.
The statistical precision depends on the square root of the number of generated paths.
A path is generated according to the probability e−SE , where SE is calculated for that
particular path. A correlation function can then be calculated by summing the integrand
over all paths. Since paths are generated with the probability e−SE , this simple sum is
equal to the weighted sum
∑
path x1 . . . xne
−SE ' ∫ Dx x1 . . . xne−SE .
The Monte Carlo technique can be used to generate paths with the appropriate
weight [108]. The procedure begins with a given path of action S1. The path is randomly
changed to a new path of action S2 (several intermediate paths, which are not retained,
are generated before producing the S2 path in order to avoid correlations between the
S1 and S2 paths). If S2 < S1 the S2 path is retained in the sample. Otherwise, it is
retained or rejected with probability S2 − S1.
In order to ensure gauge invariance, a link involving the gauge field A between the
lattice sites must be introduced [109]. A link variable U−→µ = exp(−i
∫ x+a−→µ
x
dy gA) is
constructed, where x is a lattice site, a is the lattice spacing, −→µ is an elementary vector
of the Euclidean space, and g the bare coupling. The link variable U−→µ is explicitly
gauge-invariant. The action is then constructed using these gauge-invariant variables.
The Wilson loop U1 . . . Un thus appears [109], where the closed path is given by the links
Ui. It is straightforward to show that the action can be expressed as a sum of Wilson
loops. In the continuum limit a → 0, the simplest loop (a square of side a) dominates.
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However, since a 6= 0 in the numerical simulations, larger loops must be introduced as
corrections to the discretized expression of SE.
We have discussed only A (i.e. gluons) so far. The introduction of non-static quarks
on the lattice is complicated because of their fermionic nature. Including a fermion
field leads to the notorious fermion doubling problem, which multiplies the number
of fermionic degrees of freedom, and introduces spurious particles. There are several
possible methods which avoid this problem. One method is to break chiral symmetry
(the Ginsparg–Wilson approach [110]). Another method, called “staggered fermions”
introduces non-local operators which respect chiral symmetry [111]. Other methods also
exist. Each of these methods significantly slow down the lattice computations. Once
fermions are included, the action becomes SE = SA− ln (Det(K)) where SA comes from
the gluon field and K is similar to the Dirac equation operator. Most early Lattice
calculations, and some recent ones, simplify the calculations by taking Det(K) = 1 (the
quenched approximation). This amounts to neglecting the dynamics of fermions which
eliminates the effects of pair creation from the QCD instant-time vacuum.
The lattice technique, although very powerful, has its own limitations:
Critical slowing down This phenomenon limits the statistical precision. The prob-
lem, which is not specific to lattice calculations, arises from the fact that, to keep
discretization errors under control, the lattice spacing a must be much smaller than
the characteristic sizes of the studied phenomena. The relevant physical measure is the
correlation length Lc defined by 〈x1x2〉 ∼ e−x/Lc . In general Lc is very small, except
near a critical point. Therefore, calculations need to be performed near such point.
However, when Lc is large, many intermediate paths must be generated to obtain a path
decorrelated from the initial path. In the case of QCD, the statistical precision varies as(
LR
a
)4 ( 1
a
1
m2pia
)
where LR is the lattice size [112]. The first factor stems from the number
of sites and the second comes from the critical slowing down (note the presence of the
pion mass squared).
Extrapolation to the physical mass of the pion The lattice parameters can be
chosen such that the mass of the pion is greater than its physical value, which minimizes
the critical slowing down. This competes with the necessity to have calculations with
the pion mass as close as possible from the physical mass. The lattice results are extrap-
olated to the physical pion mass with guidance from Chiral Perturbation Theory [113].
Nevertheless, an uncertainty remains associated with this extrapolation.
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Local operators Local operators are well suited for lattice calculations because se-
lecting a given path involves calculating the associated difference of actions S2−S1. For
a local action, this amounts to computing S2 − S1 only on one site and its neighbors
(since S involves derivatives). In four dimensions this represents 9 operations; in con-
trast if the action is not local, the calculation needs to be carried at each site of the
lattice. This makes direct lattice calculations of non-local operators impractical. For
example, structure functions are non-local, and thus they must be reconstructed on the
lattice through their moments.
High momentum cut off Momenta involved in lattice calculations are automatically
limited to p . 1/a. This is not a problem in practice if one can match to available pQCD
calculations. The domain where pQCD and lattice calculations are both valid allows one
to establish the renormalization procedure for the lattice calculations.
Finite lattice size The lattice spacing a must be chosen to be sufficiently small in
order to reach the pQCD domain while keeping the number of sites to a practical value
for computation. This limits the total lattice size. On the other hand, the lattice size
must be taken large enough to encompass the physical system and to minimize boundary
effects.
Severals approaches have been used to obtain αs(M
2
Z) using lattice gauge theory. A
first approach is to consider a short-distance quantity whose pQCD prediction is known
to high order, and compute it on the lattice nonperturbatively. The result is compared
to the pQCD prediction in which the value of αs is adjusted so that there is a good
match. The dominant uncertainty is usually from the perturbative series truncation.
Lattice finite size effects are suppressed when short-distance quantities are computed.
Space discretization errors are minimized by the use of improved actions, such as tadpole
improved actions [112]. A second lattice approach consists of direct calculations; e.g.,
the computation of a QCD vertex.
The coupling from short-distance quantities A natural quantity to study on
the lattice which determines αs is the static Q–Q potential at short distances [114].
This quantity will be discussed in more detail in Section 4.3. A recent review of the
determination of αs(M
2
Z) using this method is given in [50].
The energy between a static quark and a static anti-quark separated by a distance
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r is calculated on the lattice. Unquenched results at short distances are then compared
to the pQCD one-gluon static potential V (r) = −4αR(r)/3r allowing for an additional
nonperturbative linear contribution σr. The coupling in coordinate space αR(r) is then
Fourier transformed to αV (Q
2).
At short distance, the 2-loop expression is [114]:
αR(r) =
6pi
β0ln
(
1
r2Λ2R
)
+ 4piβ1
β0
ln
(
ln( 1
r2Λ2R
)
) . (3.54)
The QCD parameter ΛR in the R-scheme is given in Table 3.1 for nf = 3. In the
pure gauge case, nf = 0, it is Λ
0
R = 0.70 GeV. The most recent calculation yields
a coupling αs = 0.335
+0.012
−0.010 at Q
2 = 1.5 GeV2 for nf = 2 + 1, which is evolved to
αs(M
2
Z) = 0.1166
+0.0012
−0.0008 for nf = 5 [115]. The uncertainties shrink by an order of
magnitude when evolving from Q2 = 1.5 GeV2 to M2Z . For the quoted results, the light
quark masses are set close to their physical values (5 MeV for u and d) or at their physical
value (for s). Results are stable under variation of the value of the lattice spacing a,
indicating a negligible discretization error. Another recent calculation, from the ETMC
collaboration, was performed for nf = 2 and yields Λ
(2)
MS
= 0.332± 0.0021 [116], in good
agreement with the world average.
Another lattice approach is to evaluate the temporal nth−moments Gn of current-
current correlators 〈0| j5(x, t)j5(0, 0) |0〉 for the heavy quark pseudoscalar current j5 =
ψγ5ψ [117]. As for the previous method, the currents are calculated on the lattice and
compared to their pQCD expressions. The lattice results are fit using the pQCD func-
tional form with several fit parameters, including αMS. The pQCD expression is known
to NNLO. For example for n = 4, G4 = G
LO
4 [1 + 0.7427αMS(µ) + 0.0088α
2
MS
(µ) −
0.0296α3
MS
(µ)][1 +O(Λ4/m4)], where m is the heavy quark mass. Higher pQCD orders
are not known and are treated as free fit parameters up to N14LO. This constrains
the uncertainty on the truncation of the pQCD series. The nonperturbative terms are
assumed to be proportional to gluon and meson condensates which are suppressed as
(Λ/m)4. Two results were obtained by the HPQCD collaboration. In the first case,
the light quarks u, d and s were treated nonperturbatively, taking the heavy quarks as
perturbative effects. This nf = 2 + 1 calculation yields αs(25 GeV
2) = 0.2034± 0.0021.
Evolved to the Z0 mass and corrected to nf = 5, it gives αs(M
2
Z) = 0.1183± 0.0007. A
second calculation was done with the c quark also treated nonperturbatively. This anal-
ysis had improved statistics, as well as improved determinations of the gluon action and
the lattice spacing. The nf = 2+1+1 calculation yields αs(25 GeV
2) = 0.2128±0.0025,
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which leads to αs(M
2
Z) = 0.11822 ± 0.00074 (nf = 5), confirming the earlier result, in-
cluding the assumption that heavy quarks can be treated perturbatively. Calculations
are done for several lattice spacings a, varying between 0.06 ≤ a ≤ 0.12 fm, and extrapo-
lated to the continuum case. The value of a is measured by calculating the dimensionless
Wilson flow parameter w0/a and comparing it to its dimensionful value w0 known from
an earlier simulation. The light quark masses are chosen relatively close to their physical
values and corrections for the finite lattice size effects are included. The JLQCD col-
laboration also used current-current correlators, but computed the vacuum polarization
function Π(Q2) [118] rather than Gn moments. The vector and axial–vector currents
are both used. The N3LO pQCD expression is complemented by nonperturbative con-
tributions up to 1/Q4. The calculation yields αs(M
2
Z) = 0.1181± 0.0013. The chosen u
and d quark masses range between 20 and 80 MeV. The s quark mass ranges between
95 and 125 MeV. Discretization effects are estimated using lattice perturbation theory.
The effects of the finite lattice size are found to be small.
The coupling αs has also been extracted from the vacuum expectation values of
Wilson loops Wmn –see Ref. [119] for a recent determination. The indices m and n
characterize the loop which forms a rectangle of size ma × na. The loop definition
is Wmn ≡ 〈0|Re Tr Pe−ig
∮
nm Adx |0〉 /3, with g defined as αs = g2/4pi and P is the
path ordering operator. The corresponding pQCD expression for a flat 2a × 2a loop
is: W pQCD22 = exp[−9.20αV (2.582/a) + 6.37α2V (2.582/a) − 17.11α3V (2.582/a) + ...]. In
[119] calculations are done for various loop sizes and flat and non-flat loops, for a total
of 22 different loops. The value of αV is adjusted so that the NNLO pQCD expecta-
tion matches the lattice result. The averaging of the 22 different determinations yields
αV (56.25 GeV
2) = 0.2120 ± 0.0028. The conversion from the V -scheme to MS and
evolution to the Z0 mass lead to αs(M
2
Z) = 0.1184 ± 0.0008. The physical parameters
of the simulation (the bare coupling constant and bare quark masses) are tuned so that
the calculation reproduces the known experimental values of the Y − Y ′ meson mass
difference, of mpi, of 2m
2
K −m2pi, of mηc and of mΥ. Several values of lattice spacing are
used to extrapolate to the continuum case. In addition, the calculations are done for
several values of the light quark masses in order to reliably extrapolate to the physical
case. The heavy quarks (c and b) are treated perturbatively. Finite lattice size effects
are accounted for, as well as the truncation error on the pQCD series. Earlier high
precision calculations using Wilson loops by Maltman et al. [120] and by the SESAM
collaboration [121] yield αs(M
2
Z) = 0.1192 ± 0.0011 and αs(M2Z) = 0.1118 ± 0.0017,
respectively.
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Vertex calculations of αs As will be discussed in more detail in Sections 4.4 and
4.5, the running QCD coupling αs can be computed from the ghost–gluon vertex, the
quark–gluon vertex or the multi-gluon vertices. Vertices are not observable and their
calculations are gauge-dependent. Most of the computations are done in the Landau
gauge and in a MOM RS. A recent calculation by the ETM collaboration using the
ghost–gluon vertex, see Eq. (4.25), yields αs(M
2
Z) = 0.1196± 0.0014 [122].
Another approach is to use the Schro¨dinger functional [123]. There are no high
precision (∆αs . 0.002) results or calculations with nf ≥ 3 yet, although some should
become available soon [124].
3.9.5 Heavy quarkonia
Hadronic inclusive decay rates of heavy quarkonium systems are very sensitive to
the value of αs: for example, the LO hadronic decay rates of the J
PC = 1−− bound
states are proportional to α3s if the Zweig rule is operative. The dependence on the not-
well-known quarkonium wave function is eliminated by considering the ratio of hadronic
to leptonic decays. However, pQCD quarkonium decay rate expressions are known only
to NLO and thus, the extractions have significant theoretical uncertainties. There is no
recent extraction of αs using this method. The latest one, from 2007, is αs(M
2
Υ(1S)) =
0.184+0.015−0.014, which is evolved to αs(M
2
Z) = 0.119
+0.006
−0.005 [125]. It is extracted by comparing
the measured Γ(Υ(1S) → γX)/Γ(Υ(1S) → X) decay ratio to non-relativistic QCD
calculations (here, X denotes final hadron states). The most precise rate measurement
is provided by CLEO [126].
3.9.6 Holographic QCD
Light-Front Holographic QCD [127, 128] originates from the direct connection of
QCD quantized on Dirac’s light-front dynamics in our physical 3+1–dimensional space-
time [129], to Einstein’s gravity in a 5–dimensional Anti-de Sitter. (AdS) space-time.
(An AdS space is the maximal symmetric space with constant negative curvature). The
connection is based on the AdS/CFT correspondence [9], where CFT stands for confor-
mal field theory, that is a theory without explicit scale dependence. The correspondence
implies that a weakly interacting, gravity-like, theory in d + 1–dimensional AdS space
can be mapped on the (d–dimensional) AdS space boundary to a strongly interacting
conformal field theory in d–dimensions, thus also the name gauge/gravity correspon-
dence.
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The holographic mapping to light-front physics gives a relation between the fifth
dimension holographic variable of AdS space and the invariant impact light-front vari-
able in physical space-time [127, 128]. Light-front holography provides a precise relation
between the boost-invariant light-front wavefunctions describing the internal structure
of hadrons in physical space-time and the bound-state amplitudes in AdS space. This
connection also implies that the light-front confining potential corresponds to an infrared
distortion of AdS the space, which breaks the conformal invariance. The resulting va-
lence Fock-state wavefunctions of the light-front QCD Hamiltonian satisfy a relativistic
equation of motion with an effective confining potential which incorporates the contribu-
tion from higher Fock-states. Holographic QCD gives a very good description of hadrons
of arbitrary spin and incorporates many of their observed spectroscopic and dynamical
features [130]. The AdS/CFT correspondence offers new tools to analytically describe
the strong interaction at low-Q2. This technique can then be used to compute Λ and in
turn αs(MZ). The light-front holographic approach to hadronic physics and its recent
connection with superconformal quantum mechanics is described in more detail in Sec.
4.2. We will also show in Sec. 4.2 how the running of the strong coupling in the infrared
can be obtained from AdS gravity.
Following Sec.4.2, one can show how the mass scale underlying confinement and
hadron masses determines the scale controlling the evolution of the perturbative QCD
coupling [131]. The relation between scales is obtained by matching the nonperturbative
dynamics, as described by an effective light-front theory embedded in AdS space, to the
perturbative QCD regime computed to four-loop order. While the AdS/QCD description
is valid only in the nonperturbative QCD regime, one can actually match it to the
perturbative regime thanks to the existence of an overlap between both regimes, called
the parton–hadron duality [132, 133]. The Holographic QCD predictions for αs and its
β-function are equated to their pQCD counterparts at a transition scale, which is in
turn determined by the matching procedure. One thus derives a running QCD coupling
αs(Q
2), defined at all momenta, which is consistent with the measured effective charge
defined from the Bjorken sum rule and with the measured perturbative scale ΛMS. At
order β0 and in the MS scheme, the relation is:
Λ
(LO)
MS
= Mρe
−a/
√
a, (3.55)
with Mρ the ρ meson mass and a = 4
(√
ln(2)2 + 1 + β0/4− ln(2)
)
/β0 ' 0.55. The
result at β3 and nf = 3 is ΛMS = 0.341 ± 0.032 GeV in good agreement with the
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combined world data, Λ
(3)
MS
= 0.340± 0.008 GeV [1]. The results are illustrated in Fig.
4.3 in Sec. 4.2, where the matching procedure and the derivation of αs using light-front
holographic methods is discussed in more detail.
Eq. (3.55) can be alternatively expressed using the nucleon mass MN :
Λ
(LO)
MS
= MNe
−a/
√
2a. (3.56)
More generally one can use as input the mass of any meson or baryon composed of
light quarks, since their masses are related to each other within the holographic QCD
framework or, conversely, meson and baryon masses can be computed using only Λ as
input [131]. Such a relation between the perturbative scale Λ and the hadron masses
allows one to express the QCD fundamental mass scale as a function of a scheme-
independent quantity rather than the scheme-dependent, and thus unphysical parameter,
Λ. Since QCD has no knowledge of conventional units of mass such as GeV; only ratios
are predicted. Consequently any calculation necessarily can only yield ratios such as
ΛMS/M , with M any hadron mass.
3.9.7 Pion decay constant
Recently, Kneur and Neveu have used Optimized Perturbation Theory (see Section
3.8), supplemented by RG relations, to compute the dimensionless ratio of the pion
decay constant fpi to Λ [134]. The modified optimized perturbative calculations allow
to access the strong αs regime and to account for QCD’s dynamical chiral symmetry
breaking characterized by fpi. The perturbative series for fpi/Λ is known to fourth order:
fpi is defined from the vacuum expectation of the autocorrelation function of the axial
current. It has been computed perturbatively up to fourth order. Relating the mass
scale in this perturbative series to Λ yields fpi/Λ, which reads at first order and in the
chiral limit:
ΛLO = fpi/
√
5/ (8pi2), (3.57)
that is fpi/Λ ' 0.25 in the MS scheme. The high order numerical calculations depend
on the assumed value of nf . The results calculated at different orders are stable. The
fourth order result for nf = 3 yields ΛMS = 0.317±0.013 GeV, after correcting for chiral
symmetry breaking. This correction produces a 10-20% decrease of ΛMS depending on
nf as assessed from lattice results. This yields a coupling αs(M
2
Z) = 0.1174
+0.0015
−0.0012.
As is the case of the holographic QCD approach discussed in the previous section,
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it is expected that QCD predictions can only provide dimensionless ratios ΛMS/M or
ΛMS/fpi since the units of dimensionful quantities, meters or eV are arbitrary (human
convention).
3.9.8 Grand unification
Precise measurements of the fundamental force couplings offer a way to investi-
gate the physics beyond the Standard Model [135]. The merging of the couplings in
supersymmetric extensions of the Standard Model provides a theoretical prediction,
αs(M
2
Z) = 0.129 ± 0.010 [136], although due to threshold effects, the runnings of the
couplings have to be treated with care [31]. A prediction from the minimal SU(5) super-
symmetric extension of the Standard Model in 5–dimensions yields a prediction closer
to the measurements, αs(M
2
Z) = 0.118± 0.005 [137].
3.9.9 Comparison and discussion
Recent world data compilations –together with the latest extractions of αs(M
2
Z) not
included in those compilations [138]– are shown in Fig. 3.6. We also highlight the most
accurate individual determinations. Recent αs determinations that appeared during the
final stage of writing this review could not be shown, such as the new result improving
significantly the jet fragmentation function evolution shown in the figure [139].
This plot is only meant to be representative, rather than exhaustive, of the recent
and most accurate measurements of αs. Fitting this choice of individual determinations
(excluding one of the two DIS highly correlated determinations) yields a χ2/ndf of
4.3, significantly larger than 1. This demonstrates the tensions between the different
determinations. Using the Unbiased Estimate, the average value of the coupling is
αs(M
2
Z) = 0.1171 ± 0.0006. However, since we used only an arbitrarily selected sample
of the available αs determinations, this number should not be taken as a world average or
compared to such averages. The χ2/ndf values from other compilations before applying
the Unbiased Estimate procedure also underline these tensions. In particular, there are
clearly two classes of results differing by about 4%. The lower class of values comes
from DIS measurements, τ−decay and thrust measurements. The Unbiased Estimate
is certainly not a flawless compilation procedure since it does not account for possible
correlations between results. While the question of how to best combine all the data
remains difficult, it is likely that the large χ2/ndf values are due to a tendency to
underestimate uncertainties rather than inadequate compilation procedures, indications
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Figure 3.6: The coupling αs(M2Z). Global averages from the most recent compilations of the
world data are shown by the vertical bands. Also shown are recent determinations of αs(M
2
Z)
not yet included in the 2013-1014 global averages (squares), and some of the most accurate
available determinations of αs(MZ)
2 (triangles). Results computed at nf < 5 are corrected to
nf = 5.
of physics beyond the Standard Model, or of a failing of QCD. Indeed, the consistency
within a few percent between all determinations is a crucial verification of the validity
of QCD.
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Chapter 4
The strong coupling in the
nonperturbative domain
As mentioned in the Preamble, knowing the strong coupling in the nonperturba-
tive domain is necessary to understand both high energy and hadronic phenomena. An
example is the calculation of the Sivers function [140] encountered in single-spin pseudo-
T-odd semi-inclusive DIS. In addition, the renormalization scale at arbitrarily small
momenta q2 ∼ v2S is required to evaluate heavy quark production as one approaches
threshold [141]. Finally, knowing the IR-behavior of αs is important to understand the
mechanisms for dynamical chiral symmetry breaking [142]. The following references pro-
vide other examples of phenomena for which knowing the IR-behavior of αs is required:
[143, 144, 145, 146, 147, 148, 149]. In addition, the review [151, 150] provides a concise
description of the impact of αs on our understanding of hadron dynamics. Additional
reviews on αs in the IR regime are given in [2, 152, 153].
Studying αs in the IR is more challenging than in the UV domain since the pertur-
bative formalism involving the fundamental QCD fields cannot be used. Consequently,
a number of approaches have been explored. Each approach has its benefits, justifica-
tions and limitations. In this second part of this review, we will explore the insights
brought by the various approaches. Since there is still no consensus on how αs should
be defined, such discussion is necessary for several reasons: 1) the different definitions,
and consequently meanings, of αs need to be understood; 2) the approximations used
and the arbitrary choices made (e.g., the RS and gauge) need to be noted; 3) the con-
nections between the different approaches need to be identified; 4) it illustrates how this
challenging problem can be approached by a variety of methods; 5) it acknowledges the
theoretical contributions, early or recent, toward solving the problem of the IR-behavior
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of αs; 6) finally, the variety of approaches to αs in the IR domain can allow a cross-check
of the conclusions.
Although there are important results and constraints obtained from experiments,
most investigations of the IR-behavior of αs have been theoretical. Some of the insightful
theoretical approaches address theories which are closely related to QCD, including
pure gluonic Yang–Mills theory (without quark fields), spaces of different Minkowsky or
Euclidean dimensions, as well as SU(NC) with various numbers of colors NC . In that
last context, it is useful to note that one recovers Abelian theory in the limit NC → 0
at fixed αsCF = α where CF =
N2C−1
2NC
[155].
Perturbative QCD, via Eq. (3.24), evidently predicts that αs(Q
2) diverges at the
Landau pole, when Q2 → Λ2. However, this is not a meaningful prediction since it occurs,
by definition, outside the domain of pQCD’s validity. As we will discuss in Section
5.3, the absence of nonperturbative terms in the series (3.24) is responsible for this
unphysical prediction. Consequently, the Landau singularity cannot be cured by simply
adding more perturbative terms to Eq. (3.24). In fact, they can worsen the situation; for
example, a typical quantum field theory perturbative approximant is a Poincare´ series
(asymptotic series) which diverges beyond the order given approximately by the inverse
of the expansion coefficient [156]. At Q2 = 1 GeV2, this is typically αs/pi ' 0.2. Thus,
the perturbative approximant of an observable will start diverging after n ' 5. Since
the β−series is expanded in powers of ~, this discussion does not directly concern its
convergence, except that one traditionally chooses the βi order in Eq. (3.24) to be the
same as the αs order in the approximant series. Thus, the βi and αs orders are linked.
It is often heard that the diverging behavior of the perturbatively calculated αs is
responsible for quark confinement. This ignores the fact that the Landau pole is un-
physical and that Eq. (3.24) does not include important diagrams which connect quarks
via multi-gluon exchange such as the “H” diagrams, see Fig. 2.2(d). Such diagrams
must be included for large distances calculations. Nevertheless, one can consider the
possibility that αs diverges as 1/Q
2 in the Q2 → 0 limit, or one can argue that a large
value for the coupling is an ingredient for confinement, but confinement does not require
αs to diverge. For example, according to lattice gauge theory simulations, the static
Q–Q potential continues to rise linearly well after the coupling has reached a maximum
value, typically at distances larger than 0.4 fm. The predicted QCD potential continues
to rise linearly for Q–Q separations of order 1.3 fm [158] or even larger distances for
quenched calculations [159]. Furthermore, the IR value of 〈αs〉 = 1E
∫ E
0
dQαs(Q
2) ob-
tained from analyzing jet shape observables in e+e− annihilation and DIS is finite and
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typically modest: 〈αs〉 = 0.47±0.07 for E = 2 GeV [160]. In the stochastic vacuum
model approach to high-energy scattering [161], it is found that αs ' 0.81 in the IR.
In another approach, Gribov showed that light quarks are super-critically bound if the
averaged coupling has a moderate value of 0.43 at large distances [162].
Most definitions of αs in the IR attempt to generalize the pQCD definition to include
QCD’s confining effects. Thus, the question of the IR-behavior of αs is intimately linked
to the topic of confinement. Consequently, confinement needs also to be addressed here.
In the approaches that we will discuss, αs is defined from the behavior of quark, gluon,
and/or ghost propagators which are believed to be directly relevant to confinement. Such
definitions of αs are used in the Schwinger–Dyson framework (Section 4.4), the lattice
technique (Sections 3.9.4 and 4.5), the Gribov–Zwanziger approach (Section 4.7), the
Functional Renormalization Group framework (Section 4.6) and Stochastic Quantization
(Section 4.8).
A popular picture of confinement, first put forth by Gribov [163] and then developed
by Zwanziger (Section 4.7), is supported by the different framework just mentioned. It is
useful to have such confinement picture in mind in order to understand the implications
of the IR-behavior of αs. In the Gribov–Zwanziger scenario, the gluon propagator is
IR-suppressed compared to an extrapolation of the 1/Q2 UV-behavior. Meanwhile, the
ghost propagator is IR-enhanced. Consequently, in this picture, confinement results
from the long-distance propagations of ghosts. Thus, the behavior of the ghost and
gluon propagators dictate the IR-evolution of αs.
Since ghosts are unphysical artifacts reflecting gauge choices and introduced to force
the gluon propagator to be transverse (see Eqs. (3.28) and (3.29) and the discussion in
between), a more intuitive but equivalent view is provided by the Stochastic Quantization
framework in which there are no ghosts. Their role is played by longitudinal gluons in
this formalism (see Section 4.8). At distances close to a color charge where pQCD
rules and where spherical symmetry is not yet disturbed by the presence of another
color charge, short wavelength gluons can be represented by plane waves (on-shell; i.e.,
transversely polarized gluons). At distances relevant to the large distance separation
of the two color charges, the gluon field becomes highly asymmetric and is postulated
to collapse into a flux tube. Consequently, the plane waves are fully distorted and
longitudinally-polarized off-shell gluons dominate. Furthermore, it was shown that the
ghost propagator (a manifestation of longitudinal gluons) in Landau gauge, ∂µA
µ = 0,
is related to the instantaneous Coulomb propagator in the Coulomb gauge, ∇ ·A = 0.
The Coulomb propagator is thus enhanced at large distance [164], which leads to a linear
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Q–Q potential [165, 166, 167]. A dominating longitudinal gluon propagator indicates
off-shell gluons, and thus the concept of effectively massive gluons becomes relevant (see
Section 4.4.4).
This picture of confinement implies a specific IR-behavior of αs, namely that αs
loses its Q2−dependence in the IR regime. In other words, it effectively has a conformal
behavior, freezing at a given value: an infrared fixed point. Such behavior appears to be
supported by measurements and calculations using different techniques as we will see in
the rest of the review.
However, the Gribov–Zwanziger scenario described above has been challenged, as will
be further discussed in Section 4.4.3. In fact, as we already said, there is no agreement on
the IR-behavior of αs. The only certitude is that the Landau pole is unphysical. Rather
than validating the conformal scenario, some studies indicate that αs(Q
2) reaches its
maximum in the IR-UV transition region and then vanishes in the deep IR. Other
investigations point to a divergence of αs(Q
2) when Q2 → 0, where this divergence is
unrelated to the Landau pole.
There are several reasons for these different conclusions. First and foremost, multiple
definitions of αs(Q
2) in the IR exist. Second, approximations are not always under
control, and thus they may lead to unphysical artifacts. Third, there is no agreement on
the more suitable form (instant form or front form) [129], gauge, and RS to use. Finally,
since some of the results are model-dependent, some assumptions on which the model
rests may not be systematically valid.
In the next sections, we will review the different approaches used or developed to
study the low IR-behavior of αs, as listed by the theoretical techniques. Then we will
compare the various results and discuss their differences.
First, we will briefly expand the discussion on the possible types of IR-behaviors for
αs. The possibility that αs(Q
2) loses its Q2-dependence in the IR; i.e., β(Q2) → 0 in
the IR domain, was pointed out in the early days of QCD [16, 168, 169]. A general ar-
gument, given in Refs. [5, 6], provides a physical explanation: color confinement implies
that long wavelengths of partons in hadrons are cut off. Consequently, at this maximum
wavelength corresponding to the typical hadron size, the effects of loops in propagators
and vertex corrections disappear. Since these quantum effects are at the origin of the
running of αs, it should freeze at the typical hadronic scale, provided that no other
phenomena are included in the IR-definition of αs: an infrared fixed point becomes a
natural consequence of confinement. In fact, a number of theories and models that in-
clude confinement effects produce this feature, but their predictions of αs do not freeze
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at a same value, and/or at the same momentum scale. The concept that αs freezes is im-
portant since it allows one to compute quantities involving integrals over the IR domain
of the coupling constant. It also permits the use of conformal field theory for nonper-
turbative QCD calculations. This connects to the AdS/CFT approach (Sections 3.9.6
and 4.2), including the extension of the CSR (Section 3.7.1 and Refs. [170] and [171]).
In fact, the success of the AdS/CFT predictions may be an indication that αs, with a
definition relevant to IR phenomenology, freezes in the IR. Experimental measurements
of effective charges, results from lattice gauge theory, the Schwinger–Dyson formalism,
the phenomenology of the hadron mass spectrum, the Gribov–Zwanziger confinement
scenario and other approaches, also support this behavior.
Alternatively, the QCD running coupling may diverge as 1/Q2, as suggested by the
behavior of the Q–Q static potential at large distances. Yet another possibility is a
monotonic increase of αs(Q
2) as Q2 becomes small, but without any divergence; i.e.
β(Q2) remains non-zero and significantly negative. This is exemplified by the “ analytic
coupling”, see Section 4.9.1. Finally, αs may vanish in the IR. Several models, see
e.g. Refs. [160, 172, 173] and some Schwinger–Dyson and Lattice results indicate such
behavior. Some experimental results [174] are also suggestive of this behavior.
In the remaining part of this review, we will use αs as a generic designation for the
strong coupling, and α∗∗∗ for specific couplings, where “∗∗∗” indicates the method, au-
thors or schemes, defining αs. We will start by discussing effective charges and related
definitions such as the coupling from holographic QCD and Sudakov charges. Then
we will discuss the coupling from the static Q–Q potential and the information that
the hadron spectrum provides on the IR-behavior of αs. The Schwinger–Dyson, lat-
tice, functional renormalization group, Gribov–Zwanziger and stochastic quantization
approaches will be discussed thereafter. These approaches use the same definition of
the coupling. Finally, we will describe other frameworks, the most developed being the
analytic/dispersive approaches.
Although the different approaches are organized in different sections for the sake
of clarity, there are of course interrelations. For example, the effective coupling of
Dokshitzer et al. (Section 4.9.2) is related to the effective charge approach of Grunberg
(Section 4.1) and to the Shirkov et al. analytic approach (Section 4.9.1). Dokshitzer’s
coupling can be interpreted in terms of effectively massive gluon fields, which ties it
to the Schwinger–Dyson framework (Section 4.4), the lattice results (Section 4.5) and
other approaches addressing the IR-behavior of αs, since IR-regularizations are often
associated with the emergence of a mass scale. The relevant mass scale can be interpreted
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as:
• the mass scale characterizing the harmonic oscillator potential in the light-front
Schro¨dinger equation underlying quark bound states. Equivalently, it is also the
factor distorting the AdS space in AdS/QCD (Section 4.2);
• the QCD string tension σ (Section 4.3);
• an effective gluon mass (Sections 4.4.4, 4.5 and 4.9.1);
• a dispersive variable (“dispersive mass”) (Section 4.9.2);
• the regulator which is introduced in the functional renormalization group method
(Section 4.6);
• the Gribov mass (Section 4.7);
• a glueball mass (Sections 4.9.1 and 4.10).
These scales are thus all related and typically take values of order 0.5 GeV' 1.5 ΛMS.
In addition, all of these approaches have to connect to the phenomenological Q–Q linear
potential. While the existence of such relations is physically suggestive, the explicit
connection between the various strong couplings αs in the infrared is however often
unknown.
4.1 Effective charges
As we have noted, Eq. (3.24) implies that αs(Q
2), as derived from pQCD, diverges
when Q2 → Λ2. However, observables measured across the domain extending from
Q2  Λ2 to Q2 < Λ2 display no sign of discontinuity or unusual behavior. This is
expected since the Landau pole is unphysical and Λ is an arbitrary quantity which
depends on the choice of RS, see Table 3.1. In contrast, observables must be RS-
independent. This continuity of the observables, along with Grunberg’s effective charge
approach, see Section 3.7.1, provides a definition of an effective coupling that behaves
as αpQCD at large Q
2 but stays finite at small values of Q2.
Effective charges αeffs (Q
2) are defined directly from observables which are calcula-
ble in the pQCD domain. A prominent example, which we will discuss in detail in the
following sections, is the effective charge αg1(Q
2) defined from the Bjorken sum rule
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[37]. This effective charge definition of the running coupling incorporates QCD contri-
butions inherent to deep inelastic scattering, QCD quantum corrections, and also the Q2
-dependent perturbative effects responsible for the higher order terms of the observable’s
perturbative series, e.g., gluon bremsstrahlung.
Since it extends to low Q2, an effective charge αeffs (Q
2) also incorporates nonper-
turbative QCD contributions. Those can be organized as power-law corrections and
thus are often referred to as “ higher-twist” contributions as classified by the operator-
product expansion. For example, the effective charge defined from the integral in the
Bjorken sum rule,
∑∞
i=2,3... µ
p−n
2i (Q
2)/Q2i−2, incorporates the leading twist series on the
rhs of Eq. (3.40). The µp−n2i (Q
2) terms are themselves sums of kinematical or dynamical
higher-twists of twist order up to 2i. These terms have the usual pQCD Q2-logarithmic
dependence associated with asymptotic freedom and also can be interpreted in terms of
the confining force acting on the quarks [175]. Thus the loop effects responsible for the
UV running, the pQCD effects responsible for the higher order DGLAP evolution [72],
and the nonperturbative confining forces are all incorporated into the effective QCD
charge αeffs (Q
2). In some cases αeffs (Q
2) can take values in the IR domain that would
be unphysical for a quantity measuring the absolute strength of a force. It is e.g. the
case for the αD (Q = 0) = −pi where D(Q2) is the Adler function [39]. This is obviously
not a problem for an effective quantity.
A natural choice for an effective charge, close to the standard Gell-Mann–Low def-
inition of the QED running coupling [36] is the potential scheme (V -scheme), where
αV (Q
2) is interpreted as the running coefficient of the 1/Q2 potential acting between
heavy quarks [7, 41]. However, as discussed in Section 3.7.1, αV is affected by infrared
divergences at three loops and higher which prevent it from being calculated perturba-
tively, even at high Q2.
A related approach has been proposed by Dokshitzer et al. [176, 177]. As in the
case of effective charges, Dokshitzer’s approach also generalizes the QED Gell-Mann–Low
coupling. It will be discussed in detail in Section 4.9.2. Dokshitzer’s charge is intended
to measure the effective interaction strength in the IR in order to extend the use of the
fundamental QCD fields outside the UV domain. We will see that Grunberg’s effective
charge defined from the Bjorken sum rule, αg1 , may be interpreted in a similar manner.
In distinction to the standard effective charge, Dokshitzer’s effective coupling is built by
imposing dispersion relation constraints on the coupling. The effective charge αg1 is also
constrained by these restrictions since dispersion relations applied to photoproduction
cross-sections are the basis for deriving the Gerasimov–Drell–Hearn sum rule [178], and
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this in turn constrains the IR-behavior of αg1 . Thus, although the respective formalisms
of αg1 and Dokshitzer’s effective coupling seem to be different, the two couplings have
some commonalities.
4.1.1 Measurement of the effective charge from the Bjorken
sum rule.
The effective charge αg1(Q
2), defined from the Bjorken sum rule, has been discussed
for large Q2 in Sections 3.7.1 and 3.9.1, where it was shown that αg1(Q
2) has a simple
perturbative series which is known to high orders in the MS scheme. An important
advantage of αg1(Q
2) is that data exist at low, intermediate, and high Q2 [75, 179, 180,
181, 182, 183, 184, 185, 186]. In addition, rigorous sum rules dictate the behavior of
αg1 in the unmeasured Q
2 → 0 and Q2 → ∞ regions. A third advantage is that the
Bjorken sum is a non-singlet quantity, implying that some resonance contributions to
the sum, such as the ∆(1232) resonance, cancel out. This has important consequences.
For example, disconnected diagrams which are not easily computed on the lattice, do not
contribute, thus leading to more reliable lattice gauge theory estimates. Similarly, the
cancellation of the ∆(1232) makes chiral perturbation calculations more robust [187].
Finally, αg1 is easier to interpret than other effective charges due to similarities between
the g1 and V−schemes; see Fig. 3.4 and the associated discussion. In effect, the effective
charge αg1 can be evaluated at any Q
2, and its intuitive interpretation makes it easy to
compare with theoretical expectations.
The similarities between the g1 and V−scheme have a physical origin: First, g1 is
extracted from inclusive reactions, and the implicit sum over all final states simplifies
the theoretical expression for the cross-section [188]. Second, the partial suppression
of resonance contributions enhances the non-resonant background contribution. This
allows DIS-like reactions to dominate the Bjorken integral even at low Q2. In addition,
the integral over xBj and global parton–hadron duality [132] amplify the dominance of
non-resonant reactions. In contrast, coherent state contributions are not easily inter-
preted in terms of a QCD coupling: Indeed, if an elastic contribution would be added
to the definition of αg1 , it would become significantly negative because the kinematic
constraint
∫ 1
0
dxBj g1(xBj, Q
2) → 0 as Q2 → 0 (see Eq. (4.2) below) would then not
hold; this would yield αg1+el(Q
2 = 0) = −17.6, which includes the elastic contribution,
rather than αg1(Q
2 = 0) = pi.
Two rigorous sum rules constrain αg1(Q
2) in the limits Q2 → 0 and Q2 → ∞: the
63
Gerasimov–Drell–Hearn (GDH) sum rule [178, 189] for Q2 → 0, and the Bjorken sum
rule [37] for Q2 →∞. Let us first consider the latter. At large Q2, the rhs of Eq. (3.40)
can be computed. Equating it to the rhs of Eq. (3.41) yields the result:
αg1 = αMS + 3.58
α2
MS
pi
+ 20.21
α3
MS
pi2
+ 175.7
α4
MS
pi3
+O (α5
MS
)
, (4.1)
which is indicated by the blue band shown in Fig. 4.1. The width of the band represents
the uncertainties due to the value of ΛMS, the truncation of the Bjorken series in Eq.
(4.1), and the truncation of the β series used to compute αMS in Eq. (4.1). At the
smallest Q2 typically considered for the applicability of pQCD, Q2min & 1 GeV2, the
asymptotic series (4.1) converges up to order n ∼ pi/αMS(Q2min) ' 4 so one should stop
at this order, lest 175.7α4
MS
/pi3 becomes comparable to O (α5
MS
)
.
0
0.2
0.4
0.6
0.8
1
10 -1 1 10
Q (GeV)
!
g1
(Q
)/"
Bjorken sum rule constraint
AdS/QCD
!g1/" Hall A/CLAS
!g1/" JLab CLAS (2008)
!g1/" JLab CLAS (2014)
!g1(#)/" OPAL
!F3/"
!g1/" DESY HERMES
!g1/" CERN COMPASS
!g1/" SLAC E142/E143
!g1/" SLAC E154/E155
!g1/" JLab RSS
!g1/" CERN SMC
GDH limit
Figure 4.1: Experimental data and sum rule constraints for the effective charges αg1(Q)/pi
and αF3(Q)/pi. The blue data points are from Jlab [190], the green points are from Hermes
[183], the black points are from Fermilab [78], the red points are from CERN [186] and the
magenta points are from SLAC [179, 181, 182, 184].
As an alternative to Eq. (4.1), one can use the BLM/PMC expression (see Section
3.7.1 and Eq. (3.43)) for αg1(Q
2) in terms of αMS(Q
2) [51]. In this case all nonzero
β terms are shifted into the scales Q∗, Q∗∗, · · · of the αMS coupling thus matching
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a conformal expansion. However, the domain of validity of this particular relation –a
CSR– may not be useful due to the large decrease in the scales Q∗
MS
= 0.37Q∗g1 and
Q∗∗∗
MS
= 0.25Q∗∗∗g1 . This decrease renders the computation of αMS problematic.
Let us consider now the GDH sum rule [178] which can be expressed as the limit:
8
Q2
∫ 1−
0
dxBj g1
(
xBj, Q
2
) −−→
Q2→0
−κ2N
M2N
, (4.2)
where κN is the anomalous magnetic moment of the target particle (here a nucleon)
and MN its mass. The elastic scattering contribution to g1, xBj = 1 is excluded from
the integral in Eq. (4.2). At Q2 = 0, there is no elastic reaction and at large Q2 it is
negligible, thus its exclusion is unimportant. At intermediate Q2, the elastic contribution
would be sizable if one chooses to include it to Eq. (3.41) (in that case, Eq. (4.2) becomes
invalid). However, as already discussed, this contribution should be excluded for αg1 .
Eqs. (4.2) and (3.41) provide an important constraint on αg1 at Q
2 = 0:
dαg1 (Q
2)
dQ2
|Q2=0 = 3pi
4gA
(
κ2n
M2n
− κ
2
p
M2p
)
. (4.3)
Furthermore, there is an additional kinematic constraint,
∫ 1−
0
dxBjg1 (xBj, Q
2 = 0) = 0,
because when Q2 is small, only the elastic scattering contribution is permitted. However,
the exclusive reaction is excluded from Eq. (3.41) leading to a vanishing integral at
Q2 = 0. This result also follows from Eq. (4.2). Consequently, the infrared fixed-point
value
αg1 (0) = pi. (4.4)
follows from (3.41).
The two constraints given by Eqs. (4.3) and (4.4) are shown in Fig. 4.1 by the
dashed red line. The range between the low and high Q2 constraints is densely filled
by experimental data [190], mostly coming from the Bjorken integral data [75, 179, 180,
181, 182, 183, 184, 185, 186]. Other data come from the CCFR measurement [78] of the
Gross–Llewellyn Smith sum rule [74], Eq. (3.47). At leading twist, the GLS sum rule has
the same Q2-dependence as the Bjorken sum rule, except for a small difference at order
α3
MS
coming from the light-by-light contribution to the GLS sum rule. Consequently,
we expect in the perturbative domain that αg1 (Q
2) = αF3 (Q
2) up to O(α3
MS
), with αF3
defined from
∫ 1−
0
dx F3(x,Q
2) ≡ 3[1 − αF3/pi]. In addition, the kinematic constraint
leading to Eq. (4.4) also applies to the GLS integral and thus αF3 (0) = pi = αg1 (0). In
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addition, as shown in Fig. 4.1, one can also use the value of αg1(τ), which is obtained
using a CSR, with the effective charge ατ defined from hadronic τ lepton decay, as
reported in Ref. [40]. One also notes that the JLab data at low-Q2 tend toward αg1 ' pi,
suggesting that αg1 becomes nearly flat and thus “conformal” at Q . 0.03 GeV.
A prediction of QCD’s conformality from the GDH sum rule The approximate
isospin symmetry between the proton and neutron implies that Mp ' Mn. Although
κp and κn differ in sign, the squares are similar in magnitude: κ
2
p = 3.21 ' κ2n = 3.66.
Consequently, the slope of αg1 (Q
2) near Q2 = 0 as given by Eq. (4.3) is suppressed.
For example, in the deep IR region, αg1 is expected to decrease by only ' 1% over the
Q2-span of 0.1 GeV2, consistent with near-conformal behavior in the low-Q2 region.
4.1.2 Measurement of the effective charge defined from e+e−
annihilation.
The ratio Re+e−(s) of cross sections for e
+e− annihilation to hadrons divided by
muon pair production, and the ratio of hadronic over muonic τ−decay widths, as well
as the Adler function D(Q2) [39], have each been used to define various effective charges
[51, 53]. They are closely related to each other by CSRs. For example, in the purely per-
turbative domain, the couplings from τ -decay and Re+e− ratios, ατ and αR respectively,
are predicted by the CSRs to obey:
ατ (s) = 2
∫ s
0
dt
s
(
1− t
s
)2(
1 +
2t
s
)
αR(t), (4.5)
where s and t are the Mandelstam variables. The coupling ατ (s) has been extracted
from the OPAL experimental data [90] by Brodsky and collaborators [40], with the result
that ατ (0) ' 7.0.
4.1.3 Sudakov effective charges
As is the case for the effective charges just discussed above, the Sudakov effective
charges introduced by Gardi and Grunberg [191] essentially fold perturbative corrections
into the definition of the effective coupling. In the large-xBj limit of inclusive structure
functions, collinear soft multi-gluon emissions dominate the perturbative series. These
effects induce large logarithmic corrections (Sudakov double logarithms) which increase
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with the order of the perturbative series. These corrections can be incorporated by ex-
ponentiating (resumming) the Mellin transform of the structure function, leading to an
exponential e−S damping factor, where S is the Sudakov factor proportional to αsln
2.
In principle, this analysis includes all the relevant perturbative contributions. Nonper-
turbative power corrections are not explicitly included in the Sudakov factor. However,
S arguably does depend on such corrections since they influence the perturbative series
through IR renormalons. The sum of the Sudakov anomalous dimensions, which appear
in the exponentiation, defines the Sudakov effective charge. Such charges generalize the
coupling definition of Ref. [60]. Most important, the Sudakov effective charges have a
universal (scheme/observable-independent) freezing value.
The definition of the Sudakov effective charge is illustrated by an example provided
in Ref. [191]. The Mellin transform of the DIS structure function F2(Q
2, xBj) is:
Fˆ2
(
Q2, N
)
=
∫ ∞
0
dxBj x
N−1
Bj F2
(
Q2, xBj
)
, (4.6)
where Fˆ2 can be expressed, as usual, as a perturbative series in powers of ln(Q
2) which
can be exponentiated. The argument of the exponentiated series is ln(Fˆ2). Differentiat-
ing it with respect to ln(Q2) yields:
d ln (Fˆ2)
d ln (Q2)
=
16
3
[
H
(
Q2
)
+
∫ 1
0
dz
zN−1 − 1
1− z AS
[
(1− z)Q2]+O (1/N)] , (4.7)
where H(Q2) and AS(Q2) are given as perturbative series in powers of αs. In partic-
ular, AS(Q2) = αs(Q2)4pi [1 + A1αs(Q2) + · · · ] defines the Sudakov effective charge. It is
connected to the two Sudakov anomalous dimensions A and B:
AS
(
Q2
)
=
3
16
[
A
(
αs
(
Q2
))
+
dB (αs (Q
2))
d ln (Q2)
]
. (4.8)
In the large Q2-limit, one has:
AS
(
Q2
)
= αs
(
Q2
)
+
3
4
β0
(
αs
(
Q2
))2
+
(
5
4
− pi
2
3
)
β20
(
αs
(
Q2
))3
+ · · · . (4.9)
The IR limit is:
AS
(
Q2
)
=
1
2β0
[
1− 2
pi
arctan
(
ln (Q2/Λ2)
pi
)
+
Λ2
Q2
− Λ
4
Q4
]
, (4.10)
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which has no Landau singularity, but it diverges toward negative values as Q2 → 0.
Nonperturbative power corrections may regularize this unphysical behavior. An example
of a simple ansatz for the nonperturbative contributions, which can cancel divergences
and lead to a 1/β0 fixed point, is given in [192]. AS (Q2) does not freeze in the IR,
increasing from 1/β0 ' 0.10 at Q2=0 toward a maximum at Q2/Λ2 ' 0.84.
It was already noticed in [193] that the Landau pole can be suppressed by the
Sudakov damping factor e−S, although this suppression was not incorporated in the
coupling discussed in Ref. [193] which retained the standard pQCD definition.
4.2 AdS/CFT and Holographic QCD
The behavior of the QCD coupling in the IR can be obtained by enforcing the
underlying conformal symmetry of QCD. In fact, conformal symmetry even allows one
to identify the form of the long-range color-confining potential by incorporating a method
due to de Alfaro, Fubini and Furlan (dAFF), as discussed below. Its scale-dependence
then leads to the running of the coupling in the IR as well as a constraint in the pQCD
domain.
As we discussed in Section 3.9.6, light-front holographic QCD is based on the
AdS/CFT correspondence [9] and the light-front quantization procedure based on the
frame-independent front form devised by Dirac [129]. In the front form, the time evo-
lution variable is τ = t + z/c; i.e., the time along the light-front (LF). The front-form
results are independent of the observer’s Lorentz frame.
In this framework, one can reduce the full QCD light-front Hamiltonian equation to
obtain a one–dimensional light-front Schro¨dinger Equation (LFSE) acting on the valence
Fock state. The eigenvalues of the LFSE determine the hadron spectrum consisting of
light quarks and the eigensolutions determine their LF wavefunctions. The LFSE is
analogous to the Schro¨dinger equation describing hydrogenic atoms in QED [128] but it
is relativistic and frame-independent. The radial variable for the LFSE is identified as
the invariant distance between the q and q¯: ζ = b⊥
√
x(1− x), where ζ2 is conjugate to
the light-front kinetic energy k2⊥/[x(1−x)]. Here, x is the light-front momentum fraction
x = k+/P+ = (k0 + kz)/(P 0 + P z) and b⊥ is the transverse impact parameter.
If one requires the effective action which underlies the QCD Lagrangian to remain
conformally invariant and extends the dAFF formalism to light-front Hamiltonian the-
ory [194, 195], the light-quark antiquark potential has the unique form of a harmonic
oscillator potential V (ζ2) = κ4ζ2, and a mass gap arises. The dAFF mechanism, origi-
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nally derived in the context of 1+1 quantum mechanics, enables the emergence of a mass
scale κ while the action remains conformal. The result is a nonperturbative relativistic
light-front wave equation which incorporates confinement and other essential spectro-
scopic and dynamical features of hadron physics, including linear Regge trajectories with
the same slope in the radial quantum number n and orbital angular momentum L.
Figure 4.2: In QCD, hadronic dynamical supersymmetry is rooted in the dynamics of color
SU(3) where 3¯ ∼ 3× 3.
It has been shown recently how the main features of nonperturbative QCD dynamics
are well captured in a semiclassical effective theory based on superconformal quantum
mechanics [196, 197] and its extension to light-front physics [198, 199]. This new ap-
proach to hadron physics incorporates several basic aspects one expects from QCD,
namely confinement and the appearance of a massless pion in the limit of zero quark
masses. The specific breaking of conformal invariance uniquely determines the effective
confinement potential. The generalized supercharges connect the baryon and meson
spectra to each other in a remarkable manner. The partner mesons and baryons have
the same mass provided one identifies the relative orbital angular momentum LM of the
qq¯ mesons with the relative internal orbital angular momentum LB of the quark–diquark
baryons in a cluster decomposition, where LM = LB + 1 [198, 199]. Furthermore, this
framework gives remarkable connections across the full light [200] and the full heavy-
light hadron spectra, where heavy quark masses break the conformal invariance, but the
underlying supersymmetry still holds [201]. It is important to recall that in the context
of hadronic physics the supersymmetric relations are not a consequence of supersymmet-
ric QCD, at the level of fundamental fields, but an emergent dynamical supersymmetry
from color SU(3)C . This relies on the fact that in SU(3)C a diquark can be in the same
color representation as an antiquark, namely a 3¯ ∼ 3 × 3 [202, 203, 204] as illustrated
in Fig. 4.2.
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The light-front harmonic oscillator potential corresponds to a linear potential for
bound states of nonrelativistic heavy quarks in the usually employed instant-form of
relativistic dynamics [205]. This links light-front QCD to lattice gauge theory as well as
heavy-quark effective theory. The mass parameter κ can be determined from a hadron
mass; e.g. κ = Mρ/
√
2 or κ = Mp/2 [130], from the scale Λ controlling pQCD evolution,
as discussed in Section 3.9.6, or from other experimental inputs such as the Bjorken sum
Q2-evolutions. Remarkably, all of these determinations are in good agreement.
The underlying conformal symmetry of QCD allows one to perform equivalent cal-
culations in a higher dimensional curved space-time where the dual theory is weakly
coupled and described by gravity. Mathematically, this dual representations is based on
the isomorphism of the SO(4, 2) group of conformal transformations in physical space-
time with the group of isometries of AdS5 space. Because of this correspondence, one can
identify the fifth–dimension coordinate z of AdS5 space with the light-front coordinate
ζ. Light-front holography also implies that the potential V (ζ2) = κ4ζ2 appearing in the
meson LFSE can be obtained by modifying AdS5 space using a specific “dilaton pro-
file” e±κ
2z2 [130, 206] (The plus sign dilaton profile is required in light-front holographic
QCD [130]). The quark–antiquark binding interaction is thus related in AdS/QCD to the
modification of the AdS space curvature [195]. The same harmonic oscillator potential
also emerges from the application of the dAFF procedure to LF theory [194, 130].
Remarkably, one also finds that the same modification of the AdS5 action also de-
termines the IR-behavior of αs ∝ exp
(
−Q2
4κ2
)
. Recall that in pQCD, the effective cou-
pling αpQCD(Q
2) is defined by folding short-distance quantum effects into its evolution.
Analogously, the Q2-dependence of the AdS/QCD effective coupling stems from the
effects of the large-distance forces folded into the coupling constant [170]. To obtain
this result, one notes that the AdS5 action is similar to the action of general relativity:
SGR ∝
∫
d4x
√
det(gµν)R/GN , where GN is Newton’s constant and R is the Ricci scalar.
In AdS/QCD,
√
R is replaced by the gluon field F ,
√
GN is replaced by the gauge cou-
pling gAdS, and the metric determinant becomes
√
det(gAdS)e
κ2z2 , which includes the
eκ
2z2 distortion of AdS space. This analysis yields the AdS action:
SAdS = −1
4
∫
d4x dz
√
det(gAdS)e
κ2z2 1
g2AdS
F 2. (4.11)
Just as αs ≡ g2/4pi acquires its effective Q2 dependence from short-distance QCD quan-
tum effects, the initially constant AdS coupling αAdS ≡ g2AdS/4pi is redefined to absorb
the long distance confining forces; i.e. the effects of the modification of the AdS space
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curvature from nonconformal confinement dynamics [170]: g2AdS → g2AdSe−κ2z2 . The five–
dimensional coupling gAdS(z) is mapped, modulo a constant, into the QCD coupling gs
of the confining theory in physical space-time using light-front holography. Thus, by
identifying z with the invariant impact separation variable ζ, gAdS(z) → gs(ζ), one
predicts
αAdSs (ζ) ≡ g2s(ζ)/4pi ∝ e−κ
2ζ2 . (4.12)
The physical coupling measured at the scale Q is the light-front transverse Fourier
transform of the LF coupling αAdSs (ζ) (4.12):
αAdSs (Q
2) ∼
∫ ∞
0
ζdζ J0(ζQ)α
AdS
s (ζ), (4.13)
in the q+ = 0 light-front frame where Q2 = −q2 = −q2⊥ > 0 and J0 is a Bessel function.
Using this ansatz we then have from Eq. (4.13)
αAdSs (Q
2) = αAdSs (0) e
−Q2/4κ2 , (4.14)
where αAdSs (0) = pi in the g1 scheme. The identification of α
AdS
s (Q
2) with the phys-
ical QCD running coupling in its nonperturbative domain determines the space-time
dependence at large distances of the physical four–dimensional coupling αs.
The harmonic oscillator form of the LF potential V (ζ2) = κ4ζ2, and thus the Gaus-
sian form for the running coupling, also follows from the dAFF procedure; i.e., the
requirement that the action remains conformal [194, 130], even though a mass scale
appears in the confining potential of the light-front Hamiltonian.
Eq. (4.14) is valid only at the domain of Q2 where QCD is a strongly coupled
theory and the AdS/CFT correspondence can be applied. Furthermore, since the semi-
classical approximation used in the light-front holographic approach neglects quantum
effects, vacuum polarization effects are not incorporated in αAdS, and consequently it
is not valid at large Q2. Nonetheless, αAdS can be supplemented at large Q
2 by either
parameterizing the well-known pQCD effects at the origin of the large Q2 dependence,
as done in [170], or by matching Eq. (4.14) to Eq. (3.24), as done in [131] and discussed
in Section 3.9.6. This matching procedure is illustrated in Fig. 4.3.
The Gaussian form αs(Q
2) = αs(0)e
−Q2/4κ2 predicted by the light-front holographic
approach describes the available experimental data for the effective charge αg1(Q
2) very
well over a large range of moment transfer; see Fig. 4.1. Conversely, a fit of the experi-
mental data shown in Fig. 4.1 with κ as the free fit parameter yields κ = 0.496± 0.007,
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Figure 4.3: Unified coupling obtained from the analytic matching of nonperturbative and
perturbative QCD regimes. The procedure determines the relation between ΛMS and κ or
equivalently hadron masses. The transition scale Q0 between the large and short-distance
regimes of QCD is determined as well.
in good agreement with the determination from the value κ = 0.50±0.04 obtained from
the relation between κ and hadron masses: κ = Mρ/
√
2 or κ = Mp/2 [130]. It is remark-
able that the parameter κ which fits the Bjorken sum rule data is set independently by
a hadron mass.
Additionally, it has been shown using the Schwinger–Dyson equations for the quark
propagator that if one assumes a Gaussian form for the QCD running coupling, the quark
propagator has poles above and below the real axis, consistent with quark confinement
[207]. Finally, the scaling solution of the Schwinger–Dyson equations yields a coupling
in close agreement with αAdS, with a freezing value of 2.97 (Section 4.4).
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4.3 The effective potential approach
4.3.1 The static Q–Q potential
A remarkable feature of hadron physics is that mesons and baryons composed of
light quarks all lie on Regge trajectories. The square of the hadron masses are linear
in both the internal orbital angular momentum L and the principal quantum number n
which is associated with the number of nodes in its wavefunction. Moreover the slope in
L and n are identical phenomenologically. These universal features in fact follow from
the eigenvalues of LFSE with the harmonic oscillator potential V (ζ2) = κ4ζ2 [130]. The
lightest eigenvalue, corresponding to the pion, has zero mass in the chiral limit mq → 0.
In the case of heavy quark Q–Q states, the effective nonrelativistic static potential
between two heavy quarks (Q–Q) of mass mQ  Λ separated by a distance r is well
described by:
V (r) = −4
3
αV (r)
r
+ σr. (4.15)
The first term is a perturbative, Coulomb-type, one-gluon exchange contribution.
The hadronic wavefunctions and the fine structure of the hadron spectrum are sensitive
to this term. When αV (r) is approximated as an averaged coupling 〈αV 〉, Eq. (4.15) is
known as the Cornell potential [208]. The mean value of the coupling 〈αV 〉 depends on
the size of the hadrons considered. Its value in GeV units spans from 0.19 to 0.4, with
an optimal value of 0.22 [208, 209, 210]. In the context of an IR-freezing behavior of
αV (Q
2), this implies a freezing value of αV (0) = 0.42± 0.03 [208, 209, 210].
The second term in Eq. (4.15) is a linear confining potential which can be interpreted
as the string tension between the Q–Q pair, with σ ∼ 0.18 GeV2. This term controls
the slopes and intercepts of the Regge trajectories. The QCD string picture was first
postulated by Nambu, Nielsen and Susskind to interpret the Regge trajectories [211]. A
common interpretation is that the string is formed by a chromoelectric flux tube and
is responsible for quark confinement. Regge trajectories stem straightforwardly from
the string picture: the faster a hadron spins, the larger the string tension must be to
compensate for the centrifugal force, and hence the larger its mass [212].
In fact, the AdS/QCD holographic QCD framework which yields the harmonic os-
cillator potential V (ζ2) = κ4ζ2 in the light-front transverse coordinate ζ for light quark
pairs, corresponds to a linear potential for heavy quarks in the non-relativistic instant-
form radial coordinate r for large distances [205]. The string tension for heavy quarks
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can then be predicted from holographic QCD to be:
σAdS = 2κ
2/pi ' 0.18 GeV2, (4.16)
which is remarkably consistent with fits to the quarkonium data.
A more accurate potential than that provided by Eq. (4.15) includes velocity-
dependent and spin-dependent corrections, see Refs. [213] and [49] for reviews.
The validity of Eq. (4.15) is confirmed for heavy quarks by lattice QCD simulations.
However, in (2+1) lattice simulations, αV (0) ∼ 0.3 [214], somewhat smaller than the
value determined from the Cornell potential. Earlier quenched calculations resulted in
an even smaller value of the coupling, αV (0) ∼ 0.22 [214].
In addition to lattice QCD, other nonperturbative approaches also suggest the form
of Eq. (4.15). In the Coulomb gauge, the instantaneous gluon propagator leads to
a linear static Q–Q potential [164, 165, 166, 167], as was advocated by Gribov and
Zwanziger [163, 215]; see Section 4.7. Generally, it is expected that in the IR, the
gluon propagator is modified by nonperturbative effects and displays a 1/ (Q2 + f(Q2))
2
dipole form that would lead to the linear IR potential [216]. (The function f(Q2) is
unimportant here. It is typically related to an effective gluon mass or a glueball mass.)
This is studied in the Schwinger–Dyson formalism, see Section 4.4 and in particular
Refs. [217, 218], and in the related approach of the functional renormalization group
[219], see Section 4.6. A linear potential is also recovered using background perturbation
theory [220], see Section 4.10 for details.
To summarize, Eq. (4.15) is well established. Nevertheless, there is no agreement
on the IR-behavior of αs, owing to its various possible definitions. Still, within a specific
definition, Eq. (4.15) -or more generally hadron spectroscopy- does constrain αs as we
will now discuss.
4.3.2 Constraints on the running coupling from the hadron
spectrum
The hadron spectrum is sensitive to the IR-behavior of αs when one identifies the
strong coupling as the effective charge underlying the heavy Q–Q potential. Hence,
the heavy quark potential can provide a useful information on αs(Q
2) in the IR. For
example in the Godfrey–Isgur quark/flux-tube model [221], αs must freeze in the IR
at αs(0) = 0.6. Other examples are the model of Zhang and Koniuk [222], or the
work of Badalian and collaborators using the framework of background perturbation
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theory. Badalian et al. obtain αs(0) = 0.58 from the analysis of the bottomonium, see
Section 4.10 and Ref. [223]. Likewise, Andreev [224] uses several of the forms for αs(Q
2)
suggested in the literature and constrains them with a Poincare´ covariant quark model
to reproduce meson characteristics and experimental data, including the Bjorken sum
rule, Eq. (3.40), and the GLS sum rule, Eq. (3.47). Andreev obtains a consistent set
of behaviors by using αs(Q
2) defined in the MS scheme, but regularized with a constant
effective gluon mass using the massive analytic perturbation theory approach (Section
4.9.1), or with Cornwall’s coupling (see Section 4.4.4) or with the “synthetic coupling”
(also discussed in Section 4.9.1). This procedure results in a freezing value αs(0) ' 0.71
in the MS renormalization scheme.
Baldicchi and Prosperi also tested several different expressions of αs(Q
2) to check
their compatibility with the meson spectrum [225]. One of the expressions studied is a
crude freezing implementation: below a given Q0, αs is constant, and above Q0 it follows
the pQCD form. Another expression of αs is given by the “analytic” approach described
in Section 4.9.1 and given by Eq. (4.54). This αan is finite and decreases monotonously
with Q2. A related expression has been give by Dokshitzer et al., and is given by Eq.
(4.59). Baldicchi and Prosperi conclude that the meson spectrum appears to be rather
insensitive to the type of coupling used [225].
Historically, these approaches follow from the pioneering works of Richardson and of
Buchmuller et al.. These authors suggested that αs should be defined to incorporate a
long range force in addition to the usual pQCD effects responsible for the running of the
coupling [226, 227]. In the non-relativistic (static) approximation, Eq. (4.15) becomes
in momentum space:
V (Q) =
1
(2pi)3
∫
d3re−ir.QV (r) = − 1
pi3
2
3
αV (Q
2)
Q2
− σ
pi3Q4
. (4.17)
Incorporating in the coupling the long distance σ-term leads to the definition of αRich(Q
2):
V (Q2) = − 1
pi3
2
3
αRich(Q
2)
Q2
. (4.18)
Richardson [226] proposed that:
αRich
(
Q2
)
=
4pi
β0ln (1 +Q2/Λ2V )
, (4.19)
where ΛV should be used since αRich identifies to αV in the UV. The corresponding
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β-function is:
β = −β0α2Rich
(
1− e−1/(β0αRich)) . (4.20)
This expression anticipated results from the Schwinger–Dyson formalism; see Eq. (4.28),
in which the coupling is regulated by an effective dynamical gluon mass mg(Q
2). Using
Richardson’s Eq. (4.19), the gluon mass is assumed to be constant and equal to ΛV ,
which is close to the mg(0) values suggested by Schwinger–Dyson and lattice studies.
The Q2 → 0 limit of Eq. (4.19) is:
αRich
(
Q2
)
=
4piΛ2V
β0Q2
, (4.21)
and the string tension
σ =
8piΛ2V
3β0
. (4.22)
Using the phenomenological value σ = 0.18 GeV2, one obtains ΛV = 0.46 GeV for
nf = 2 in agreement with its high-Q
2 pQCD determination ΛV = 0.48 GeV, see Table
3.1. Thus, if all the mechanisms leading to the long-distance linear potential are included
in the definition of αV , then the 1/Q
4 divergence of V in the instant-form coordinate
system implies that αV should diverge as 3σ/4Q
2 in the limit Q2 → 0.
The fact that the linear Q–Q potential leads to αV ∝ 1/Q2 has inspired several
phenomenological models. Belyakova and Nesterenko [228] have constructed a coupling
with the constraints that it follows αMS(Q
2) in the UV and αs(Q
2) ' 4pi
β0
Λ2
Q2
in the IR.
The Belyakova–Nesterenko coupling is defined by the β-function:
β (αBN) = β
(l)
MS
1− e−8pi/αBNβ0 (1− l2βl0/βl)
1 + l2 (αBNβ0/ (4pi))
l
. (4.23)
It resembles the β-functions proposed in Refs. [226, 209]. At leading order, it yields:
αBN
(
Q2
)
=
4pi
β0
1
W0 (Q2/Λ2)
, (4.24)
where W0 is the principal branch of the real-valued Lambert function; see Section 3.2.
The static Q–Q potential obtained for Λ(3) = 375±40 MeV agrees with both lattice QCD
and the Cornell potential, Eq. (4.15). The model provides the same relation between Λ
and σ found by Richardson, see Eq. (4.22).
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4.4 The Schwinger–Dyson formalism
Studies of the Schwinger–Dyson equation (SDE) for QCD have also provided impor-
tant insights into the IR-behavior of αs(Q
2). In effect, the SDE (and the corresponding
Bethe-Salpeter formalism for bound states) incorporates an infinite set of coupled non-
linear equations relating Green’s functions as well as other constraints from the QCD
equations of motion. In this formalism, the equation for the n-point function depends
on the equation for the (n + 1)-point function. Although the SDE formalism can be
described using perturbative Feynman graphs, infinite sets of diagrams are resummed
into one-particle irreducible graphs, and thus the SDE can account for the nonperturba-
tive content of the theory. Alternatively, the SDE can be derived using the generating
functional of the Green’s functions without reference to perturbative graphs. The SDE
formalism thus stems from the fundamental equations of QCD, encompasses its non-
perturbative effects, and is able in principle to provide analytical results. As such, it
provides a powerful tool. Furthermore, unlike Lattice QCD, the SDE formalism is not
subject to unphysical artifacts resulting from space-time discretization, nor unphysi-
cally large quark masses. These effects can complicate studies of important hadronic
phenomena.
However, the SDE framework has its own difficulties: the infinite system of equations
must be truncated to be amenable to solutions. In fact, any truncation of the kernel
conflicts with crossing symmetry. In the case of QED, one must include an infinite
number of crossed graph kernels in the Bethe-Salpeter equation in order to derive the
Dirac Coulomb equation for muonium µ+e− in the limit of mµ → ∞. This implies
that the SDE approach contains approximations which may lead to effects that are not
easily understood and controlled. Also, the equations are difficult to solve and analytical
answers can be hard to obtain without further approximations. Consequently, the SDE
quantitative results are often obtained numerically. The SDE truncations are typically
chosen to ensure that cut off propagators are positive (to retain unitarity), that the
high-Q2 behavior of the QCD coupling matches RGE expectations, and that the Green’s
functions retain their multiplicative renormalizability properties. The last property
implies that a full propagator is proportional to its corresponding bare propagator via
a “dressed function”.
Despite the difficulties inherent to the SDE, this approach provides an important
method for furthering our understanding of QCD in general and of αs in particular. It is
especially powerful when studied alongside other techniques which will be discussed in
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the next sections, noticeably lattice QCD, so that these methods can supplement each
other. In these different approaches, couplings have the same definition and the RS is
usually the same (the MOM RS or derivatives). Consequently, comparing quantities in
SDE to other techniques is possible. As an example of the complementarity between
the SDE framework and lattice approaches, the SDE can be used to understand the
effects of space-time discretization and of choice of boundary conditions for the lattice
approach, whereas the lattice can be used to understand the effect of truncating the
infinite system of equations of the Schwinger–Dyson formalism. For general reviews on
SDE see Ref. [229]. Reviews of SDE results discussing the IR-behavior of αs can be
found in [230, 231].
4.4.1 The QCD coupling defined from Schwinger–Dyson equa-
tions
The behavior of the gluon and ghost Green’s functions is directly related to the run-
ning of αs. The required propagators and vertices which define these Green’s functions
have been extensively studied using the Schwinger–Dyson formalism, on the lattice, and
by using the Gribov–Zwanziger approach [163, 215], as well as other methods. See
[232, 233] for recent reviews. For example, the strong coupling derived from the ghost–
gluon vertex αghs (Q
2) is given in the Landau gauge and the MOM RS by
αghs
(
Q2
)
= αghs (µ)G
2
(
Q2, µ
)
Z
(
Q2, µ
)
, (4.25)
where αghs (µ) is the coupling determined at the renormalization scale µ, Z(Q
2, µ) is the
gluon propagator dressing function, and G(Q2, µ) is the ghost propagator dressing func-
tion (the ghost propagator being the inverse of the Fadeev–Popov operator). The RG
invariance of Eq. (4.25) is evident: the quantities forming the right-hand side depend
on µ, but on the left hand side, αghs does not. The dressing functions are defined as
δbcG(Q2, µ)/Q2 = Gbc(Q2, µ) and −δbcZ(Q2, µ)(δµν − qµqν/q2)/Q2 = Dbcµν(Q2, µ) where
b, c are color indices, Gbc(Q2, µ) is the ghost propagator, and Dbcµν(Q
2, µ) is the gluon
propagator. Since the dressing functions relate the first-order (i.e. bare) Green’s func-
tions to their fully (i.e. dressed) expressions, they are often called “form factors” in
analogy with the functions modifying the point-like expression for elastic scattering due
to hadron structure. There is no contribution from the vertex dressing function in Eq.
(4.25) owing to the Slavnov–Taylor identity [33].
One sees from Eq. (4.25) that the analytic form of the propagators provides a
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definition of the strong coupling. Other definitions are possible using the three-gluon
vertex (defining the coupling α3gs ), the four-gluon vertex (defining α
4g
s ) or the quark–
gluon vertex (defining αqgs ). Since ghosts do not couple to themselves or to quarks, no
further coupling definitions are possible.
The α3gs , α
4g
s and α
qg
s definitions involve vertex dressing functions which are more
difficult to study [22]. In particular, there are a large number of contributing Feynman
graphs. Thus αghs has been the focus of most of the initial SDE studies, although several
groups have calculated the other couplings, The quantities αghs , α
3g
s , α
4g
s , α
qg
s are the
same in a massless RS, such as MS, but not for a massive RS such as the MOM RS
[153]. Nevertheless, these couplings can be related to each other [22, 25, 153, 154], and
the differences vanish at large Q2. Another coupling used in the SDE is αgse, defined
from the gluon self-energy [234]. It has been shown to be closely related to αghs in the
Landau gauge [235].
4.4.2 Gauge choices
Green’s functions are not directly observable, and they become gauge-dependent if
one utilizes the MOM RS. This also makes the derived results for αghs , α
3g
s , α
4g
s and α
qg
s
gauge dependent. An alternative procedure is to use Cornwall’s Pinch scheme to define
a gauge-independent three-gluon coupling [54, 236].
Most SDE results relevant to αs are obtained in the Landau gauge, ∂µA
µ = 0, since
the relatively small numbers of fields and vertices make computations of the SDE simpler
relative to many other gauges. It is also a Lorentz-covariant gauge, which, beside making
the Kugo–Ojima confinement criterion applicable, further simplifies solving the SDE.
For example, of all the possible tensors (from bosons) or spinor (from fermions) terms
which form the 2-point Green’s function, only two survive generic symmetry require-
ments. They lead to a boson propagator that can be written as A(Q2)q2ηµν−B(Q2)qµqν .
These two functions, which are a priori independent, become evidently equal in Lorentz-
covariant gauges such as the Landau gauge: A(Q2) = B(Q2), yielding a propagator that
depends only on Q2. In contrast, gauges which are not covariant have propagators –
and consequently predictions for αs – which can depend on another variable in addition
to Q2. For example, in the first calculations of the gluon propagator done in the (non-
covariant) axial gauge [237], B(Q2) was set to zero in order to force the gluon propagator
to only depend on Q2, as is the case in the perturbative domain. The assumed vanishing
of B(Q2) leads to a 1/Q4 behavior of the gluon propagator. Since there are no ghosts in
this gauge, one predicts a singular behavior αs ∝ 1/Q2 in the IR. This behavior seems
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satisfactory, given the expectation that it leads to a linear Q–Q potential; see Section 4.3.
However, more complete SDE calculations in covariant gauges and subsequent lattice
calculations have shown this behavior to be an artifact of the assumption B(Q2) = 0.
Another advantage of the Landau gauge is that the equations involving the trans-
verse and longitudinal propagators decouple. The on-shell gluon propagator should be
transverse, and thus it can be studied independently. In addition, in the Landau gauge
the ghost–gluon vertex has a finite renormalization constant [33, 238], which allows the
coupling to be defined and extracted from Eq. (4.25); using calculations involving only
the two-point Green’s functions G(Q2) and Z(Q2). The Landau gauge is also symmet-
ric under the exchange of ghost and anti-ghost. The gauge-dependence of the running
coupling using this procedure has been argued to be weak for couplings computed in
gauges close to the Landau gauge. This was checked by using various linear covariant
gauges [231]. Notwithstanding the preeminence of the Landau gauge, other gauges, such
as the Coulomb, Feynman [239, 240, 241], axial [237], light-cone [234], maximal Abelian
gauge, [242] and linear covariant gauges (which interpolate between the Landau and the
Feynman gauges) have also been used [231, 243, 244].
4.4.3 Classes of solutions in the IR domain
There is presently a consensus that two types of solutions are possible for the IR
behavior of the gluon propagator, and thus for the IR behavior of αs. The first solution,
called “scaling scenario” (or also “conformal scenario”, “critical solution” or “ghost
dominance scenario”), was first obtained and studied using the SDE formalism. Many
results obtained using the SDE (see e.g. [245]-[253]), Lattice (see Section 4.5), variational
approach to the Yang–Mills Schro¨dinger equation of the vacuum [243] and the exact
renormalization group equations method (Section 4.6), show that in the IR, G(Q2, µ2)
and Z(Q2, µ2) scale with related power laws: G(Q2, µ2) ∝ (Q2)−κ′ and Z(Q2, µ2) ∝
(Q2)2κ
′
, where κ′ is called the IR exponent. (This coefficient is generally labeled κ, or
sometimes α, in the literature. We write it here κ′ to differentiate it from the mass
scale κ used in holographic QCD in Sections 3.9.6 and 4.2.). Such relations imply an
IR freezing of αghs , see Eq. (4.25); thus the alternative name of “conformal scenario”.
These relations also imply that ghosts dominate in the IR over gluons. It was shown
that the scaling scenario in the Landau gauge leads to a well defined running of the
coupling [249, 254, 255, 256]. In this gauge, the IR exponent was calculated to be κ′ =
(93−√1201)/98 ' 0.595, using the SDE [243, 245, 249] or the functional renormalization
group method [257, 258]. This value leads to an IR freezing value αghs (0) ' 2.972.
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It should be noted that the SDE computations of κ′ can depend on the approxima-
tions used to solve the SDE. This has resulted in a range of values of 0.3 . κ′ . 1.
Lattice calculations indicate that 0.5 . κ′ . 0.6 with κ′ ' 0.5 favored, see e.g. [259].
Lerche and von Smekal [249], and then Alkofer and collaborators [260] have studied αghs
within this range using the Landau gauge and have obtained 2.5 . αghs (0) . 2.972. The
scaling solution also appears in other gauges. It has been studied in the Coulomb gauge
by Burgio et al. [261] using the lattice, and by Epple et al. [262] using the SDE. The IR
exponent κ′ is computed in the Landau, interpolating and Coulomb gauges in Ref. [243],
confirming κ′ ' 0.595 in the Landau and interpolating gauges. In the Coulomb gauge,
two possible values are found: κ′ ' 0.398 and κ′ = 0.5. These values are also found
using the “functional renormalization group” framework [256] – see Section 4.6 and by
using a variational approach in Refs. [218, 262]. However, a solution with κ′ = 0.5 seems
not to be favored [256].
Fisher and collaborators have studied the effects of a finite volume in lattice simu-
lations and the corresponding effects of boundary conditions on the value of κ′ [263] by
performing SDE calculations both on a torus and for infinite space; one finds κ′ ' 0.5
and κ′ ' 0.6, respectively. The coupling αghs freezes in the IR, irrespective of the value
of κ′. The work of Fisher et al. also indicates an IR-vanishing gluon propagator in the
case of infinite space, whereas it stays finite in the finite-volume case. The dependence
of κ′ with variable spatial dimensions was studied in [264] for 2, 3 and 4 dimensions.
The exponent κ′ was found to not vary dramatically, suggesting similar behavior of the
underlying Green’s functions in these spaces.
A second possible solution for the IR behavior of αs, called the “decoupling solu-
tion” (or “massive solution”, or “subcritical solution”), was discovered by Boucaud and
collaborators using lattice calculations [265]. In this case, the ghost propagator dress-
ing function G(Q2, µ2) is constant in the IR and the gluon propagator dressing function
scales as Z(Q2, µ2) ∝ Q2. The predicted IR exponents are different: 0 for the ghosts and
1 for the gluons. Thus according to Eq. (4.25) this solution produces an IR-vanishing
αghs ∝ Q2. The name decoupling solution originates from the vanishing of Z(Q2, µ2) as
Q2 → 0, leading to free ghosts in the IR limit. That is, the ghosts decouple from an
effectively massive longitudinal gluon field. In the decoupling scenario, the IR regime is
still dominated by ghosts, although less strongly than in the scaling scenario where they
diverge.
The suppression of the gluon field in the decoupling solution can be interpreted as due
to a dynamically generated gluon mass. The decoupling solution is thereby consistent
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with a Yukawa-like gluon propagator in the IR. The massive solution is thus sometimes
associated with massive scenarios, such as Cornwall’s [234, 266] massive gluon which
will be discussed in the next section. However, Cornwall’s pioneering work is not in the
Landau gauge; it does not require ghosts, and it uses a different coupling, αgse (although
it has been shown to be similar to αghs [235]). Cornwall’s results produce a non-vanishing
freezing αgse.
Although it was first found on the lattice, the decoupling solution is also present
in the SDE calculations [255, 265, 267, 268, 269], the pinch technique background field
method [270], an extended Gribov–Zwanziger approach [271, 272], and from the stochas-
tic quantization equations [273]. This last work suggests, within the approximations used
to truncate the equations, that the decoupling solution is a general solution of the theory.
In contrast, the scaling solution would appear in specific gauges only, and represent a
particular solution stemming from the existence of a Gribov horizon (i.e., the limit of the
finite region of the field configuration space where the ghost propagator remains positive
and finite, see Section 4.7). This work also indicates that the decoupling solution has
less effective action, which explains why it seems favored by the lattice technique.
It is still unclear which solution is realized in the physical world. Certainly, the
description given above of the two solutions is gauge-dependent, since some gauges,
some relativistic form of dynamics, e.g., the light-front, and some quantization methods
do not require ghosts. In such a case, the ghosts are replaced by other degrees of freedom,
such as the longitudinal component of the gluon propagator, see Section 4.8. Thus the
two solutions can still exist in a gauge without ghosts.
Some authors [263] have indicated that some decoupling-like results (that is calcula-
tions leading to a vanishing coupling) may be due to a finite lattice-size effect. However,
an unphysical decoupling originating solely from finite size effects seems to be now
ruled out [274], and it would not explain why the solution is also present in analytical
methods. Fischer, Maas and Pawlowski have argued that only the scaling solution is
compatible both with the equations respecting the BRST symmetry [275], and with the
color-confining gluons [269]. Fischer and Pawlowski have also showed that the scaling
solution is unique for the SDE and the exact renormalization group equations. In partic-
ular, they showed that if the ghost and gluon external momenta vanish, then one must
realize the scaling solution [254]. The study of Alkofer, Huber and Schwenzer also disfa-
vors the decoupling solution, at least in the simplest realizations of QCD’s confinement
[255]. Furthermore, the decoupling solution cannot satisfy the Kugo–Ojima confinement
criterion [276]. On the other hand, there are models supporting the decoupling solu-
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tion: Boucaud et al. have interpreted this behavior in the context of instantons [173]:
the initial αs(Q
2) ∝ Q4 IR-behavior is predicted by the instanton liquid model, which
represents the QCD vacuum as an instanton liquid.
It has been shown in [225] and discussed in [151] that the two solutions lead to sensi-
bly similar descriptions of Nature in the IR domain, corresponding to hadron mass/size
scales. However, it is important to determine which solution is being realized; for ex-
ample, the scaling solution justifies the approach based on conformal field theories, see
Sections 3.9.6 and 4.2. In this regard, the excellent description of QCD phenomenology
by this approach and the physical arguments for IR freezing of the QCD coupling given
in Refs. [5, 6], would suggest that the scaling solution is the one realized in Nature.
Typical forms of the gluon propagator for the two solutions
The scaling solution, which leads to a freezing infrared fixed point value for the
QCD coupling, is consistent with the original Gribov–Zwanziger approach of confinement
(Section 4.7). In this case the gluon propagator behaves as
Dbcµν(q) = δ
bc
(
ηµν − qµqν
q2
)
q2
q4 +m4gr
. (4.26)
Here, mgr is the Gribov mass. In addition, if Q
2  m2gr one recovers the perturbative
gluon propagator δbc(ηµν − qµqν/q2)/q2.
The decoupling solution, which leads to an IR-vanishing coupling when Q2 → 0, is
itself consistent with an effective gluon propagator obeying a Yukawa form [277],
Dbcµν(q)q→0 ∝ δbc
(
ηµν − qµqν
q2
)
1
q2 −m2g
, (4.27)
which can also be consistent with the generalized Gribov–Zwanziger scenario. Neverthe-
less, in this refined Gribov–Zwanziger scenario, the scaling solution still seems preferred
[278].
We will now discuss the topic of the effective gluon mass. As we have mentioned
earlier, the emergence of such a mass is equivalent to the regularization of the behavior
of αs in the IR.
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4.4.4 The massive gluon propagator
The first studies of the gluon propagator in the IR regime using the Schwinger–
Dyson formalism began in the 1970s [266, 279, 280]. Using the Landau gauge, these
early results indicated that αs has no Landau pole, and that in the IR, αs(Q
2) ∝ 1/Q2
[279, 281]. A calculation in the axial gauge [237] reached the same conclusion. The
singular dependence in the IR agrees naively with the expectation of a linear potential
in the static limit; see Section 4.3. However, in spite of this apparent consistency,
Cornwall [234] has argued that the 1/Q2 behavior is actually erroneous due to the
explicit exclusion of solutions which generate a dynamical gluon mass that regulates
the Landau pole. Earlier suggestions that a gluon mass should suppress the unphysical
Landau pole were made in [266, 282, 283].
In Cornwall’s work an analytic form for the gluon propagator is proposed for solving
the SDE in the pure gauge sector and in the light-cone gauge where ghosts are unnec-
essary. Feynman graphs are resummed to form a gauge-independent gluon propagator
dressing function that modifies the free gluon propagator which carries the gauge depen-
dence. The resulting dynamically generated gluon effective mass is Q2-dependent and
vanishes at large-Q2. This feature ensures compatibility with pQCD expectations, and
it accommodates the fact that a physical gluon mass is forbidden by gauge invariance.
Cornwall’s SDE solution to the gluon propagator suggests that the perturbative form of
αs, defined from the gluon self-energy, should be modified in the IR as :
αgse
(
Q2
)
=
4pi
β0ln
([
Q2 + ςm2g (Q
2)
]
/Λ2
) , (4.28)
with ς = 4 and mg(Q
2) is an effective gluon mass:
m2g
(
Q2
)
=
m2[
ln
(
Q2+ξm2
Λ2
)
/ln
(
ςm2
Λ2
)]12/11 , (4.29)
withm = 0.5±0.2 GeV and Λ = 0.26±0.05 GeV. The freezing value, αgse(0) = 0.42±0.20
agrees with the characteristic value of αs estimated using magnetic and color–magnetic
spin–spin interactions [284] and other determinations done in the context of hadron
spectroscopy, see Section 4.3. The limit m = Λ is consistent with Richardson’s form, Eq.
(4.19). Renormalization group equations predict that at largeQ2, m2g(Q
2) ∝ ln(Q2)−12/11
where the exponent is related to the strength of the static force in the pure gauge sector;
4pi(β0)
−1 = 12pi/11.
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The gluon mass must satisfy the condition mg ≥ Λ in order to eliminate the Landau
pole. Cornwall showed that using the pinch technique m ' 1.2 Λ [236] (a review of the
pinch technique, including its application to the SDE and the computation of αs, can
be found in [285]). Values of m and Λ can also be obtained by assuming Cornwall’s
massive form for the gluon propagator and constraining it with hadron phenomenology.
For example, the isovector GDH sum rule for the nucleon can be used to constrain mg by
determining αMS at Q
2 = 0. Solving Eqs. (4.1) and (4.4), one finds m = 0.350 GeV and
Λ = 0.268 GeV (αgse(0) = 0.59). The ratio m/Λ = 1.31 validates the pinch technique
expectation that m/Λ ' 1.2 [236]. The GDH-based result is gauge independent, but
this analysis depends on the truncation order of Eq. (3.40). Since an asymptotic series
will reach its optimal order at n ∼ (1/coupling), the value of αs(Q2 ' 1 GeV2) suggests
that truncating Eq. (3.40) at n ∼ 4 is adequate.
Another way to use phenomenological information is to constrain Eqs. (4.28) and
(4.29) using data for hadron form factors. A good description of the experimental pion
and kaon form factors is obtained for m = 0.54 GeV by Ji and collaborators [286]. It
yields αgse(0) = 0.4 for Λ = 0.26 GeV. Brodsky and collaborators have combined the di-
mensional counting rules for the form factors in the UV with Cornwall’s freezing coupling
for m = 0.44 GeV (i.e. αgse(0) = 0.47 for Λ = 0.26 GeV) to analyze the photon–to–pion
transition form factor and γγ → pi+pi−. The data is well reproduced, but the predicted
normalization of the space-like pion form factor is higher than measurements [287]. On
the other hand, Aguilar and collaborators find that m = 0.300 GeV [288] describes the
pion form factor data well, which implies a freezing value αgse(0) = 0.68 (Λ = 0.26 GeV).
In Ref. [289], the value of m is constrained using measurements of the proton–proton
elastic cross section. This yields m = 0.370 GeV (αgse(0) = 0.55 for Λ = 0.26 GeV)
and in Refs. [290, 291] the value m = 0.374 GeV (αgse(0) = 0.54 for Λ = 0.26 GeV) is
obtained. The SDE are used in Ref. [292] to obtain m = 0.68 GeV (αgse(0) = 0.35 for
Λ = 0.26 GeV). In this analysis, the predicted SDE coupling freezes at αs(0) = 2.8, a
much larger value than the αgse(0) expected from Cornwall’s form. In Ref. [292], the
gluon mass and coupling are well parameterized in the UV and IR-UV transition region
1 < Q2 < 18.5 GeV2 by
m2g
(
Q2
)
=
0.22 + 0.019Q2
1 + 1.76Q2
(4.30)
and
αs
(
Q2
)
= 12.9m2g
(
Q2
)
. (4.31)
All of these values of m are within Cornwall’s proposed range. Lattice QCD estimates
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of m also fall within this range [293]. An analysis of the data for inclusive radiative
decays of the J/ψ and Υ yields a somewhat higher value, m ∼ 1 GeV (αgse(0) ∼ 0.28
for Λ = 0.26 GeV) [294].
Aguilar and Papavassiliou have summarized the studies of mg(Q
2) in Ref. [240].
These authors also show that a massive propagator effectively describes the solution
of the SDE in the gauge-independent pinch technique in the pure gauge sector, but
with two possible behaviors at large Q2. One solution is similar to Eq. (4.29), with
mg(Q
2) ∝ ln(Q2)−γ (taking a typical value γ = 0.86), as expected from renormalization
group equations. The second solution falls with a power law: mg(Q
2) ∝ ln(Q2)γ/Q2
(with a typical value γ = 1.12), similarly to the power corrections obtained from the
OPE. The behavior of the gluon mass in Eq. (4.29) is consistent with the logarithmic
running of mg(Q
2), as predicted by the first solution, with the values ς = 1.007, m = 0.3
GeV, Λ = 0.3 GeV. This leads to a freezing value for αgse(0) ' 1.2. For the second
power-law solution for mg(Q
2), the effective mass is well described by
m2g
(
Q2
)
=
m4
[Q2 +m2]
[
ln
(
Q2+m2
Λ2
)
/ln
(
m2
Λ2
)]γ , (4.32)
with  = 1.046, m = 0.5 GeV, Λ = 0.3 GeV and γ = 1.12. This leads to the freezing
value αgse(0) ' 1.0.
The results of Aguilar and Papavassiliou are gauge-invariant, and the effective gluon
mass can be interpreted as a gauge-invariant gluon vacuum condensate or nonperturba-
tive correction of dimension four. In subsequent work, [241], Aguilar and Papavassiliou
used the Feynman gauge, the pinch technique, and gauge invariant truncations of the
gluon propagator to obtain forms for mg(Q
2) and αgse(Q
2). Effects from ghost loops
were neglected. Although the authors did not specify the freezing value, they provide
a numerical example with a freezing value of αgse (0) = 0.91 and a gluon mass normal-
ization, mg(0) = 0.45 GeV. An alternative nonperturbative approach to the gluon mass
has been developed by Aguilar and collaborators based on the SDE in the Landau gauge
[290] and the RGE [291]. The authors provide a numerical fit of their results:
m2g
(
Q2
)
=
m2
1 + (Q2/M2)γ
, (4.33)
with M = 0.557 GeV, m = 0.375 GeV, and γ = 1.08. Cornwall’s solution (4.29), agrees
well with these results. The gauge-dependence of mg(Q
2) in these formulae has been
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investigated using linear covariant gauges in which a gauge parameter ξ continuously
transitions between the Landau gauge (ξ = 0) and the Feynman gauge (ξ = 1). The
resulting gluon mass normalization is typically m ' 0.37± 0.1 GeV [244]. This implies
αgse(0) = 0.55± 0.03 for Λ = 0.26 GeV.
A closely related model has been recently proposed by Ayala et al. [295]. In this
analysis the effective charge αV has the form proposed by Cornwall, Eq. (4.28), assuming
the Aguilar et al. Q2-dependence of the effective gluon mass, Eq. (4.33), with γ = 1.15
and a normalization m = Λ. Thus Richardson’s limit, Eq. (4.19), of Cornwall’s coupling
is recovered at Q2 = 0. Since the resulting coupling diverges as 1/Q2 when Q2 → 0, this
also leads to a linear potential for static quarks consistent with quarkonium spectroscopy.
Cornwall’s coupling, Eq. (4.28), takes the form of the pQCD coupling at β0 order
with an additional dynamical effective gluon mass term. In effect, the nonperturbative
effects which regularize αs in the IR are effectively incorporated into mg(Q
2), together
with higher order pQCD loops. This is similar to the case of the effective charges
defined by Grunberg, see Section 4.1: both nonperturbative and perturbative contribu-
tions are incorporated into αs(Q
2). However, in Cornwall’s case, observable-independent
higher loops are folded in, whereas in Grunberg’s case, observable-dependent gluonic
bremsstrahlung is folded in. Nevertheless, the two results can agree, once the scheme
dependence is accounted for, see Section 5.
Eqs. (4.28) and (4.29) have been augmented by further work by Cornwall and
Papavassiliou [296] using the pinch technique and the SDE. One finds the same form for
the running coupling except that quark loops are now included:
αgse
(
Q2
)
=
12pi
33ln
[(
Q2 + m2g (Q
2)
)
/Λ2
]− 2nf ln [(Q2 + M2) /Λ2] . (4.34)
In this analysis,  ' 4.8, M is identified with the string tension: M ' √σ ' 0.42
GeV, and Eq. (4.29) is used for mg(Q
2). The screening role of the quark loops can be
recognized in Eq. (4.34). With nf = 2, Λ = 0.26 GeV and M = 0.42, αgse(0) = 0.44.
Other forms for the massive gluon propagator have been proposed using the Gribov–
Zwanziger approach; see Eq. (4.26). If one uses the SDE solution of Stingl and of Habel
et al. [297], the gluon propagator has the form
Dbcµν(q) = δ
bc
(
ηµν − qµqν
q2
)
q2
q4 + 2aq2 +m4g
, (4.35)
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where a is a parameter constrained by phenomenology.
Lattice results can also be interpreted in terms of a massive gluon propagator [298].
For example, the results of Marenzoni and collaborators [299] can be fit by the form
D(Q2) =
1
bQ2 (Q2/Λ2)η +m2g
, (4.36)
with b = 0.102(1), η = 0.532(12) and mg ' 0.4 GeV. Similarly, Oliveira and Bicudo have
interpreted their lattice data in terms of a massive gluon propagator. Their result for
Q2 . 0.25 GeV2 can be described assuming a constant IR gluon mass of about mg ' 0.7
GeV [300]. Their calculations are performed in the Landau gauge. A similar value is
obtained in Ref. [271]. The results are consistent with the decoupling solution, yielding
an IR-vanishing αs. In recent work [292], the SDE and lattice data are also combined
in the form of a massive gluon propagator. This leads to an IR value of αs(0) ' 0.9pi.
Thus lattice studies can in effect be interpreted as the emergence of an effective gluon
mass.
Massive gluons have also been considered in approaches other than SDE and lattice
QCD; e.g., the Gribov–Zwanziger approach [301], the background perturbation theory
(Section 4.10), or the variational approach of Szczepaniak and Swanson [165] which
yields a constituent gluon mass of about 0.6 GeV.
Finally, we notice that an effective gluon mass can be used to generate 1/Q2 power
corrections ; this is in spite of the fact that in the OPE there is no condensate of
dimension-2 arising from a local gauge-invariant operator [302]. However, in this case,
the resulting effective gluon mass must be imaginary (tachyonic gluon mass).
4.4.5 The coupling defined from the ghost–gluon vertex
The ghost–gluon coupling αghs from Eq. (4.25) was first obtained using the SDE
formalism by von Smekal, Hauck and Alkofer [246]. Their Landau gauge analysis is based
on a self-consistent truncation scheme, where the truncation implements the Slavnov–
Taylor identities [33] for the three-point vertex function. The numerical results lead
to a coupling agreeing with pQCD evolution at large Q2, while freezing to a value of
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αghs (0) ' 9.5. The following forms match well the numerical solution [288]:
αghs = 0.261 + 9.2621e
−2(
Q2−0.0297)
2
0.4689 ; for Q2 < 0.31 GeV2,
αghs = 1.4741 + 8.6072e
−Q2−0.1626
0.3197 ; for 0.31 < Q2 < 1.3 GeV2,
αghs =
1.4978
ln(1.8488Q2)
; for Q2 > 1.3 GeV2. (4.37)
The numerical techniques have been subsequently improved, yielding smaller freezing
values. Fischer et al. [250] obtained a numerical coupling (Landau gauge, pure gauge
sector) which is well fitted by:
αghs (Q) =
2.972
ln (e+ 5.292Q2.324 + 0.034Q3.169)
, (4.38)
where the numerical coefficients are determined by matching to the value of the pQCD
coupling at the Z0 mass: αghs (M
2
Z) = α
pQCD
s (M
2
Z). This implies, in the MOM scheme,
ΛMOM = 0.715 GeV and the freezing value α
gh
s (0) ' 2.972; see Section 4.4.3.
An alternative truncation prescription was used by Bloch [303]. The result in the
pure gauge theory is fitted by:
αghs
(
Q2
)
=
1
15 +Q2/Λ2
(
15× 2.6 + 4pi
β0
(
1
ln(Q2/Λ2)
− 1
Q2/Λ2 − 1
)
Q2
Λ2
)
, (4.39)
where ΛMS = 0.33 GeV in the MS scheme. In this Landau gauge analysis, the freezing
value for αghs is 2.6, and the dynamically generated gluon mass is mg ' 0.35 in the
IR domain. The form for the running ghost–gluon coupling is similar to the behavior
of αan obtained in the analytic approach, Eq. (4.54), see Section 4.9.1. The trunca-
tion prescription was subsequently improved in Ref. [253], leading to numerical results
parameterized as
αghs
(
Q2
)
=
1
1.16 +Q4/Λ4
(
3.49
[
1.16− 0.070 (Q2/Λ2)0.66]
+
[
Q4/Λ4
] (
Q2/Λ2 + 2
)
αpQCD,β1s
)
, (4.40)
where αpQCD,β1s is the perturbative coupling at order β1 obtained from Eq. (3.24) and
Λ = 0.856 GeV. This gives a freezing value of 3.49. Comparisons with the earlier
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results illustrate the effects of modifying the truncation prescription as well as choosing
a different RS. To reinforce this point, we note that the earlier work by Atkinson and
Bloch with a bare truncation that leads to a freezing value of 11.47 by averaging the SDE
angular integrals, and to a freezing at 4pi/3 with the angular integrals done exactly [247].
Bloch systematically studied the effect of varying the truncation scheme and found that
2pi/3 < αghs (0) < 8pi/3 in SU(3) [248].
Aguilar and Natale [267] obtained an IR-vanishing coupling αghs . These authors
assumed a massless gluon propagator behaving as 1/Q2. The calculations were done
in the Landau gauge and pure Yang–Mills using the renormalization prescription of
[234, 296]. In subsequent works Aguilar et al. employed a massive gluon propagator,
rather than a massless one, leading to a freezing behavior of the coupling. Furthermore,
in [235], Aguilar et al. computed both αgse and α
gh
s and found that the two couplings
have the same freezing value of order 0.6 for mg(0) = 0.5 GeV.
Schleifenbaum and collaborators [243] have computed the gluon and ghost propaga-
tors in both Landau and Coulomb gauges, finding that the gluon propagator in the IR is
suppressed, whereas the ghost propagator is singular. These features yield an approxi-
mately linear potential and a ghost–gluon coupling freezing at αghs (0) ' 3.65 for the Lan-
dau gauge. They also find two solutions in the Coulomb gauge αghs (0) ' 14.21/NC = 4.74
or αghs (0) = 16pi/NC ' 5.59, with the value 4.74 favored [256].
4.4.6 Couplings defined from the 3-gluon and 4-gluon vertices
In addition to the definition from the ghost–gluon vertex, Eq. (4.25), couplings can
also be defined from the 3-gluon and 4-gluon vertices:
α3gs
(
Q2
)
= α3gs (µ)
[
Γ3g(Q2, µ)
]2
Z3(Q2, µ), (4.41)
α4gs
(
Q2
)
= α4gs (µ)
[
Γ4g(Q2, µ)
]2
Z2(Q2, µ), (4.42)
where Γ3g and Γ4g are the dressing functions of the tree-level 3-gluon and 4-gluon vertices.
In contrast to the case of αghs , dressing functions appear since there are no Slavnov–
Taylor identities for these vertices. The three couplings αghs (Q
2), α3gs (Q
2) and α4gs (Q
2)
are different in the MOM RS but can be related to each other [22, 153].
The 3-gluon and 4-gluon vertices have been studied in the pure gauge sector by
Baker and Lee [304], Celmaster and Gonsalves [22], by Brandt and Frenkel [305], as well
as by Papavassiliou using the pinch technique [306]. The resulting couplings α3gs (Q
2)
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and α4gs (Q
2) were first investigated by Alkofer, Fischer, and Llanes-Estrada [307]. They
concluded that these couplings must freeze in the IR, but they did not provide freezing
values. A recent perturbative analytical calculation of the IR and UV behaviors of the
3-gluon vertex (Landau gauge and pure gauge sector) is reported in [308].
2
Q  (GeV  )2 2
α
s(Q
  )
10
-4
10
-3
10
-2
10
-1
1
10
10 -4 10 -3 10 -2 10 -1 1 10 10 2 10 3
Figure 4.4: SDE computations of αs defined using the 4-gluon vertex (the green line is from
Ref. [313] and black line is from Ref. [314]). The red line, using the ghost–gluon vertex
definition, is from Ref. [313] and the blue line is from Ref. [314]. The magenta line for the
3-gluon vertex definition is from Ref. [314]. Quark degrees of freedom are not included and
the calculations are done in the Landau gauge and MOM scheme.
The 3-gluon vertex was calculated nonperturbatively using the SDE by Eichmann et
al. [309] using the Landau gauge. Both scaling and decoupling solutions were obtained.
In the decoupling case, αghs and α
3g
s vanish in the IR, whereas in the scaling case α
gh
s (0) =
2.972 and α3gs (0) = 1.6×10−3; see Fig. 4.4. A self-consistent SDE calculation of α3gs (Q2),
also in the Landau gauge, yields vanishing αghs (Q
2) and α3gs (Q
2) in the IR [310]. Huber,
Campagnari, and Reinhardt solved numerically, in the Coulomb gauge and pure gauge
sector, the canonical recursive SDE for the three-gluon and ghost–gluon vertices. The
resulting ghost–gluon vertex is IR finite, whereas the three-gluon vertex is IR singular
[311].
The 4-gluon vertex was first studied nonperturbatively by Stingl, Driesen and col-
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laborators [312]. The calculation for the 4-gluon coupling α4gs in the pure gauge sector,
assuming Landau gauge and the MOM RS, by Kellermann and Fischer [313] yields a
very small freezing value, α4gs (0) ' 2.77×10−3. The resulting behavior of α4gs (Q2) follows
the pQCD expectation at large Q2 and increases with decreasing Q2 to about Q2 = 0.5
GeV2. It then drops to its freezing value, which is reached at Q2 ∼ 10−2 GeV2; see
Fig. 4.4.
Cyrol, Huber and von Smekal [314] have recently computed self-consistent values for
the couplings controlling the 3-gluon and 4-gluon vertices. Again this calculation is in
the pure gauge sector, assumes Landau gauge and the MOM RS. In the scaling solution,
the 3-gluon and 4-gluon vertex couplings freeze at values that are very small compared
to αghs (0) = 2.972; α
3g
s (0) = 3.2× 10−3 and α4gs (0) = 4.2× 10−4, confirming qualitatively
the finding in Refs. [309, 313], namely α3,4gs (0)  αghs (0). These running couplings are
shown in Fig. 4.4. In the decoupling solution case, all three definitions of αs lead to
IR-vanishing couplings.
4.4.7 Including quarks
Quark loops contribute to the running of αs in the UV in the opposite direction
to the gluons, making αs increase with Q
2. Thus one expects that their inclusion will
be to decrease αs(0) compared to the results obtained in the pure gauge sector. This
comparison is done with Λ adjusted so that α
nf=0
s (M2Z) = α
nf=5
s (M2Z). A contrario, if
the value of Λ is kept the same for any nf , the quark loops would increase the value
of α
nf>0
s (0) compared to α
nf=0
s (0) since α
nf>0
pQCD(Q
2) > α
nf=0
pQCD(Q
2) and the Landau pole
divergence of the perturbative coupling is steeper. In any case, since effects other than
vacuum polarization are included in the IR definition of the coupling, the effect of quarks
is not obvious, as illustrated by the following example.
The influence of quark loops on the coupling has been investigated in ref. [296]; see
Eq. (4.34). The quark loops increase the freezing value: α
nf=2
gse (0) = 0.81 in comparison
with α
nf=0
gse (0) = 0.60. The values Λ(5) = 0.09 GeV and m = 1.2 Λ(5) = 0.11 GeV are
used for the nf = 2 calculation, and Λ
(0) = 0.65 GeV and m = 1.2 Λ(0) = 0.78 GeV are
used for the nf = 0 calculation –so that α
nf=2
gse (M2Z) = α
nf=0
gse (MZ
2) = 0.119 at the Z0
pole. The quark loop effect is thus non-negligible according to [296]. However, Fisher
and collaborators have recently reported that quark loops are suppressed in the IR and
thus have only a small effect for a physical numbers of quark flavors, nf < 6 [315]. This
result is apparent from the function that fits their results (apart for a bump at Q2 ' 0.5
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GeV2, which is believed to be unphysical and is omitted):
αghs
(
Q2
)
=
1
1 + Q
2
Λ
nf 2
(
2.972 +
4pi
β0
(
1
ln( Q
2
Λ
nf 2
)
− 1
Q2
Λ
nf 2
− 1
)
Q2
Λnf 2
)
, (4.43)
with a freezing value which is independent of nf . The quark effects are encoded in the
scale parameter : Λ
nf=0
MOM = 0.71 GeV and Λ
nf=3
MOM = 0.51 GeV. (We note that the fit form
is similar to Eq. (4.39) and to the coupling found in the analytical approach, Eq. (4.54)).
Eq. (4.43) was used to study analytic properties of the gluon and quark propagators in
the Landau gauge [252].
Related to the inclusion of quarks, Alkofer, Fisher, and Llanes-Estrada have studied
the influence of chiral-symmetry breaking on the running coupling αqgs (Q
2), now defined
by the quark–gluon vertex [316]:
αqgs
(
Q2
)
= αqgs (µ) ξ
2
1
(
µ,Q2
)
P 2
(
µ,Q2
)
Z
(
µ,Q2
)
, (4.44)
where ξ1 is the vertex dressing function and P the quark propagator dressing function. It
was found that the reduction of the number of linearly independent Dirac tensors using
chiral symmetry leads to different behavior of the coupling. In the chiral symmetry case,
which approximates well the light quark sector, the coupling is IR-finite: αqgs (Q
2) ' 2.5.
In contrast, in the broken chiral symmetric case (as for the heavy quark sector where
quark loops are quenched), the additional tensors induce a coupling diverging in the IR:
αqgs (Q
2) ∝ 1/Q2. As discussed in Section 4.3 the 1/Q2 behavior of the coupling gives
rise to a linear Q–Q potential for heavy static quarks. This behavior can be compared
to the expectation that QCD strings develop only in the heavy-quark sector [317].
4.4.8 Gauge dependence
Many calculations in the SDE formalism and other frameworks yield a gauge-de-
pendent coupling αs. The question of the best choice of gauge and its influence on the
IR-behavior of αs is open. (The gauge-dependence subsides in the UV regime). Fisher
has reported that couplings computed in gauges close to the Landau gauge have a weak
gauge-dependence [231]. Fischer and Zwanziger [318] have studied the gauge-dependence
of the scaling solution of αghs using a class of transverse gauges which interpolate between
the Landau and Coulomb gauges. The IR value αghs (0) ' 2.972, found for the IR
exponent κ′ = 0.595, holds across the gauge range, except the Coulomb case which has
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a singular limit. This particular case is studied in detail in Ref. [319]. The freezing
value is found to be slightly lower: αghs (0) ' 2.333. However, the already mentioned
calculations of the same quantity in Ref. [243], in both Landau and Coulomb gauges,
lead to the opposite trend: αghs (0) ' 3.65 in the Landau gauge and αghs (0) ' 4.74 in the
Coulomb gauge. (Two solutions are actually found in the Coulomb gauge: αghs (0) ' 4.74
or αghs (0) ' 5.59 for κ′ ' 0.398 or κ′ = 0.5, respectively, with αghs (0) ' 4.74 preferred).
Recently, Huber has numerically obtained the decoupling solutions of the SDE for linear
covariant gauges, varying its gauge fixing parameter between 0 ≤ ξ ≤ 0.2 [320]. In
each case, the couplings extracted from the ghost–gluon and 3-gluon vertices vanish as
Q2 → 0, albeit with a large gauge dependence in the intermediate Q2 domain of a few
GeV2.
4.5 Lattice gauge theory
Lattice calculations provide another important method for studying the behavior of
the QCD coupling αs in the IR regime. These studies connect with the SDE framework.
Both approaches have greatly benefited from their complementarity. The basics of lattice
QCD have been given in Section 3.9.4. Here, we will first describe the steps for typical
lattice calculations of αs(Q
2) in the IR. We will then discuss the results obtained by
several groups which use the numerical lattice approach to compute the QCD coupling
αs in the nonperturbative infrared domain.
One method for obtaining αs(Q
2) in the IR is to compute the static potential,
as discussed in Sections 3.9.4 and 4.3. Another approach is to compute the coupling
from vertices. In this case, just as for the SDE formalism, it amounts to determining
correlation functions. Those were first calculated on the lattice by Mandula and Ogilvie
[293]. In the following, we overview representative lattice methods to obtain αs (valid
in the IR as well as the UV domains). The examples are restricted to the pure gauge
sector.
An example of the lattice determination of αghs
As discussed in Section 4.4, αs(Q
2) can be defined from the ghost–gluon vertex, see
Eq. (4.25). To compute the ghost and gluon propagator dressing functions, discretized
ghost and gluon fields need to be defined. The discretized gluon field Ac−→µ (x), where c is
the color index and −→µ a link direction, may be defined as the difference between a link
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and its adjoint:
Ac−→µ (x) ≡
1
2i
(
U−→µ (x)− U †−→µ (x)
) −→
a→0 2a
√
piαbares A
c
µ(x). (4.45)
The continuum limit a→ 0 corresponds to the physical gluon field Acµ. The discretiza-
tion of space-time induces a finite difference Ac−→µ (x) − 2a
√
piαbares A
c
µ(x). This creates
unphysical tadpole contributions proportional to αbares or to a
3. Those can be elimi-
nated by a redefinition of the link variable or of the action, see Refs. [112] or [238].
Other definitions of Ac−→µ (x) have been used, and are equivalent –up to a multiplicative
renormalization factor [321]. The gluon propagator from Eq. (3.53) is
Dbcµν(x− y) =
∫
DxAbµ(x)A
c
ν(y)e
−iS ≡ 〈Abµ(x)Acν(y)〉 . (4.46)
It gives on the lattice
Dbc−→µ−→ν (x− y) =
〈Ab−→µ (x)Ac−→ν (y)〉 . (4.47)
Then, Dbc−→µ−→ν (x− y) can be transformed to momentum space via a Fourier transform.
This yields the gluon propagator dressing function Z(Q2) ≡ δbcδµνDbcµν(Q2)Q2. The lat-
tice ghost propagator is obtained, by definition, from the inverse of the Fadeev–Popov
operator (−∂ + A)A; after discretization and evaluation on the lattice, it is Fourier-
transformed to momentum space. The resulting ghost propagator dressing function is
G = δbcQ2DGbc (Q2). The coupling αghs (Q2) is then extracted from Eq. (4.25) after ap-
plying the ghost and gluon propagator renormalization factors, Z˜3 and Z3, respectively;
see Section 3.5. The validity of the calculations can be verified by comparing the UV
running of αghs (Q
2) with the pQCD expectation.
The above procedure was applied by two different groups in [238] using different
lattice simulations in the pure gauge sector. The results yield a SU(2) running coupling
which matches the pQCD running at Q2 & 4 GeV2 and freezes at αgh,SU(2)s (0) = 5± 1.
It is close to the SDE SU(2) result found in [253]: α
gh,SU(2)
s (0) = 5.24. This result is
extended to SU(3)-color QCD by scaling it by 2/3: it becomes αghs (0) = 3.3± 0.7. Since
αghs (µ
2) has been determined in [238] by matching the lattice result to the 2-loop pQCD
expectation, the prediction is scheme-independent, but it is dependent on the order of
truncation order of the perturbative β series; it yields Λ2−loop = 1.1 GeV in the UV.
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An example of the determination of α3gs
Another approach, first proposed in Ref. [322], is to measure the coupling by calcu-
lating the 3- and 2-point gluon correlation functions,
G3,µ1µ2µ3(p1, p2, p3) ≡ 〈Aµ1(p1)Aµ2(p2)Aµ3(p3)〉
and D(p) = Z(p2)/p2, respectively. The calculations are typically carried out in the
Landau gauge and MOM RS. The 3-gluon vertex G3 can be expressed in term of three
gluon propagators D and a 3-point vertex function Γ3 which is naturally identified with
the coupling:
G3,µ1µ2µ3(p1, p2, p3) = Γ3,ν1ν2ν3(p1, p2, p3)Dµ1ν1(p1)Dµ2ν2(p2)Dµ3ν3(p3). (4.48)
The vertex function is then extracted as:
Γ3,ν1ν2ν3(p1, p2, p3) = G3,µ1µ2µ3(p1, p2, p3)
3∏
n=1
D−1µnνn (pn). (4.49)
The coupling is normally defined at the symmetric Euclidean point, αs(Q
2) ≡ Γ3(p1, p2, p3)
for p21 = p
2
2 = p
2
3 = Q
2 and p1 + p2 + p3 = 0. Such conditions correspond to the MOM
scheme. In contrast, the minimal MOM scheme M˜OM is preferred on the lattice, corre-
sponding to the condition p1 = p2 + p3 = 0.
4.5.1 Lattice results for αs in the IR
Lattice calculations for αV defined by the static Q–Q potential leads to an IR-freezing
coupling [214]. However, for αs defined using Green’s functions, both IR-vanishing
and freezing solutions exist, as for the SDE calculations. Calculations by Bloch and
collaborators [323], and by Furui and Nakajima [259] result in the scaling solution. On
the other hand, a majority of calculations [277, 324, 325, 326, 327], indicate that in the
Landau gauge and MOM RS, αghs vanishes when Q
2 → 0. Before concluding that these
results correspond to the decoupling solution discussed in Section 4.4.3, one needs to
explore more mundane possibilities. One is that G3 has been obtained from Eq. (4.49)
using the perturbative expression of the gluon propagator D(Q2), which diverges as
Q2 → 0. In this case, the IR-vanishing originates from an artificial divergence originating
from pQCD which is irrelevant in the IR regime. Another possible reason is unphysical
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lattice finite-size effects [263]. Finally, the IR-behavior obviously depends on the choice
of definition of the coupling, which can lead to diverging, freezing or vanishing αs.
Nevertheless, it is now clear that the decoupling solution seen in the SDE framework
also genuinely exists on the lattice [328], where it is dominant and where it was in fact
first discovered [265].
Lattice data for the gluon and ghost propagators in SU(2) and SU(3) from Ref.
[329] have been used by Aguilar, Binosi and Papavassiliou [330] to form αghs from Eq.
(4.25), and αgse using the pinch technique. As already discussed for other articles from
these authors, a massive gluon formula is assumed for the gluon propagator at tree-
level, ∆(Q2) ∝ 1/[Q2 + m2g(Q2)], rather than a massless propagator. This accounts for
the freezing of their couplings in the IR rather than vanishing couplings. Assuming
mg(0) = 0.5 GeV, the Landau gauge coupling freezes at α
gh
s (0) = 4.45; for mg(0) = 0.6
GeV, the freezing value is αghs (0) = 6.40. The gauge-invariant coupling defined in the
pinch technique freezes at αgse(0) ' 0.5 for mg(0) = 0.5 GeV and αgse(0) ' 0.4 for
mg(0) = 0.6 GeV.
Furui and Nakajima have used lattice gauge theory to calculate αghs (Q
2) in the Lan-
dau gauge, M˜OM RS and the quenched approximation. Quarks are defined as domain
wall fermions. The resulting coupling freezes at αghs (0) = 2.5±0.5 [259]. In determining
this value, the apparent IR-vanishing trend of αghs was ignored since it was identified to
be due to finite size effects [331].
Ayala and collaborators studied the influence of dynamical quarks on αghs by per-
forming quenched, and nf = 2 and 2+1+1 unquenched lattice simulations [332]. These
authors assume masses of order 20-50 MeV for the light quarks, 95 MeV for the s quark
mass, and 1.51 GeV for the c quark mass. The Landau gauge and MOM RS are used.
There is no direct influence of quarks on αghs (Q
2) for a fixed dynamical gluon mass scale.
However, as quarks change the value of mg, they have an indirect influence. The authors
obtain a freezing value of αghs (0) ' 3.2± 0.3 for mg = 0.5 GeV, and αghs (0) ' 4.7± 0.4
for mg = 0.6 GeV, both for nf = 2+1+1.
Recently Maas and collaborators have studied systematic lattice effects on the gluon
and ghost propagators on αghs (Q
2) in the Landau gauge [333]. The study was carried in
2, 3 and 4 dimensions and yields a solution for αghs which vanishes in the IR.
The gluon and ghost propagators and other correlation functions have been evaluated
on the lattice in many analyses, but without providing the IR-behavior of αs. An example
of such results is shown in Fig. 4.5. In Ref. [334] the propagators have been obtained in
the interpolating gauge in order to test the gauge dependence of the correlation functions.
97
Q2 (GeV2)
Q2
D
(Q
2 )
Unquenched Lattice
Quenched Lattice
0
0.25
0.5
0.75
1
1.25
1.5
1.75
2
2.25
2.5
0 1 2 3 4 5 6 7
Figure 4.5: The gluon dressing function Z(Q2) = Q2D(Q2), from quenched and full lattice
calculations from Bowman et al., Ref. [337].
The authors obtained propagators compatible with the Kugo–Ojima and the Gribov–
Zwanziger scenarios, regardless of the choice of gauge. In [335] it is shown that the gluon
propagator in 3D and 4D is non-zero and finite in the IR, leading to an IR-finite coupling.
The calculations are done in SU(2)-color but the conclusion extends to SU(3)C . Indeed,
a quenched calculation done in the Laplacian gauge for different numbers of colors NC
(SU(2), SU(3) and SU(4)) shows little dependence of the gluon propagator on NC [336].
This is compatible with the expected 1/NC dependence for the coupling because αpQCD
factors the expressions of αs defined from propagators (Eqs. (4.25), (4.41) and (4.42)),
and that in the quenched approximation, αpQCD ∝ 1/β0 ∝ NC .
Most of the propagator studies cited above are done in quenched QCD and Landau
gauge. Calculations including dynamical quarks have also been carried out, showing
clear effects on the propagators from quark loops, but preserving the qualitative features
obtained in quenched QCD [337]. Calculations in other gauges also exist and display
similar features as the Landau gauge calculations, see e.g., Ref. [336] for calculations
done in the Laplacian gauge. Discretization, finite lattice size and tadpole effects were
studied in Ref. [338].
The coupling αs(Q
2) can be also obtained from the static potential. In recent results
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by Horsley and collaborators [339], αV (Q
2) and its β-function are computed on a lattice
using numerical stochastic perturbation theory; see the reviews in Refs. [340, 341] and
Section 4.8. The perturbative part of the static potential, 4αV /3r, is calculated from
Wilson loops. In the quenched results, αV (Q
2) diverges in the IR at Q ' 0.7ΛMS. When
quarks are included, αV (Q
2) freezes around Q ' 0.8 ΛMS with αV (0) ' 0.52. The
calculations are performed for SU(3)C and include massless u and d quarks.
Finally, another method is to use the Schro¨dinger functional; see Section 3.9.4. It
leads to a coupling in good agreement with pQCD down to Q2 ' 0.4 GeV2, but it
diverges in the IR as em/Q [342].
4.6 Functional renormalization group equations
The functional renormalization group (FRG) framework is similar to the SDE ap-
proach. The central objects are Green’s functions (although, only dressed ones, while
SDE must include both bare and dressed functions) and the method provides an infinite
system of “flow equations”, or “exact renormalization group equations”, which fully de-
scribe the underlying quantum field theory in continuous Euclidean space-time. Thus,
the FRG equations and SDE must in principle share the same solutions. In practice, the
different approximations needed to solve the FRG equations and the SDE can introduce
differences. Those can be used to assess the uncertainties on the solutions. Thereby, just
like SDE and Lattice benefited from their connection and complementarity, the FRG
approach provides yet another complementary framework.
The starting point of the FRG method is to define an IR cut-off k above which
the theory is well understood and perturbatively calculable. Then the value of k is
lowered to access the nonperturbative domain. The cut-off takes the form of a regulator
added to the classical action. In effect, it adds a large, momentum-dependent, mass
to the field, suppressing the low modes of momenta below k [258]. A flow equation
for the Green’s functions expresses how those depend on k [343]. This flow equation is
obtained by first partially deriving the generating functional of the quantum field theory
which describes its dependence with respect to k. This yields the flow equation for the
generating functional Γk[φ]
∂
∂k
Γk[φ] =
1
2
Tr
∂
∂k
Rk
Γ
(2)
k [φ] +Rk
, (4.50)
where Rk is the regulator which decouples the infrared modes with momentum below
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the sliding scale k and Γ
(2)
k , the second functional derivative, is the full inverse prop-
agator modified by the presence of the regulator Rk. The trace stands for the sum
over momenta, fields and internal indices. The Wetterich equation (4.50) is an exact
flow equation for Γk[φ] which has a one-loop structure, in contrast with the multi-loop
diagram structure characteristic of perturbation theory.
The system of flow equations for the Green’s functions are obtained by successively
deriving the flow equation of the generating functional with respect to the source or field
terms in the action. Once the k → 0 limit is reached, the cut-off disappears and all the
slow modes of the quantum field theory are integrated out in the solution. One thus has
an analytic, nonperturbative method for investigating strongly interacting quantum field
theories. The FRG method is particularly relevant to the study of running couplings
since they can be defined from the Green’s functions as in other approaches.
The FRG equations thus provide the correct RG-scaling expected from the theory.
As verification, the pure Yang–Mills expectation for the UV running of αs(Q
2) has been
recovered within the FRG framework [344]. In practice, the infinite system of equations
must be truncated. As it is the case of the SDE formalism, the truncation introduces
uncertainties which can be difficult to fully assess. Furthermore, multiple choices of
regulator are possible, which introduces some arbitrariness. For a review of the FRG
method and a discussion of its predictions for the running QCD coupling in the IR, see
e.g., Ref. [345].
Initial FRG studies which were performed down to the scale ∼ Λ found an IR di-
vergent solution of the gluon propagator, in agreement with the scenario of IR slavery;
see Refs. [219, 346]. However, since the k → 0 limit was not reached, the nonper-
turbative effects were not fully accounted for. More recent FRG investigations have
now invalidated the IR slavery conclusion. The ghost and gluon propagators have been
studied within the FRG formalism in the pure field sector, using Landau gauge and
4D Euclidean space [257, 258], assuming the scaling solution as observed in the lattice
and SDE frameworks (Section 4.4.3). They yield a similar value of the IR exponent : in
[257], it is found that κ′ ' 0.52, which is compatible with the SDE value of 0.595, once
the dependence of κ′ with the choice of cut-off implementation is accounted for. The
range 0.539 ≤ κ′ ≤ 0.595, with a strong preference for the maximum value κ′ = 0.595
was obtained in Ref. [258]. The resulting freezing value of the ghost–gluon coupling is
αghs (0) = 2.972. All of these results are consistent with a freezing of the coupling due to
IR ghost dominance and the Kugo–Ojima criterion. The ghost and gluon propagators
and the coupling αghs (Q
2) have also been studied using the FGR approach in [256]. These
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calculations have been also performed within the pure field sector using Coulomb gauge
and a focus on the scaling solution. The resulting solution leads to a unique freezing
coupling, although its freezing value is not specified. The solution yields κ′ = 0.35, in
agreement with Ref. [218] using a variational approach to the Yang–Mills Schro¨dinger
equation, and with the first solution obtained using the SDE in [243].
The behavior of the running coupling is specifically addressed using FRG in Ref. [344]
within the pure gauge field sector for both SU(2)C and SU(3)C . The predicted coupling
freezes in the IR at the value of 7.7±2 for SU(3)C and 11.3 for SU(2)C . The calculations
were performed in the Landau gauge. The inclusion of quarks is expected to lower the
freezing values [344], in agreement with the discussion in Section 4.4.7.
4.7 The Gribov–Zwanziger approach
Gribov was the first to point out the effects of gauge-fixing in a Yang–Mills the-
ory [163]. Those are directly relevant to the coupling when it is defined using Green’s
functions. The coupling is invariant under the local gauge symmetry given by δωA
a
µ =
−Dabµ ωb (with a, b color indices). However, the standard gauge-fixing relations, such as
the Coulomb, Feynman or Landau gauges, are not enough to uniquely specify the gauge
field. The vanishing eigenvalues of the Faddeev-Popov operator generate copies of the
fields; i.e., physically different fields which are related by gauge transformations still
exist, even after fixing the gauge. To avoid these copies in the path-integral formalism,
Gribov proposed to restrict the Faddeev-Popov operator to an integration region where
the operator is strictly positive (the so-called “first Gribov” region). To implement such
a restriction, Gribov introduced a non-local operator. Even with this prescription, copies
still exist within the first Gribov region [347]. This has prompted proposals to restrict
the integration to an even smaller domain, the “ fundamental modular region”, which is
truly free of Gribov copies. It was eventually found however, that the remaining copies
appear to have no influence on the solutions of the theory [245, 292, 348, 349], which is
consistent with the finding from lattice gauge theory, namely that the effect of Gribov
copies (“Gribov noise”) is negligible [321, 350].
The non-locality of Gribov’s operator limits the formalism to semi-classical calcula-
tions. A local renormalizable Lagrangian restricting the integration region to the first
Gribov region was later proposed by Zwanziger [215], enabling loop calculations. For a
review of the Gribov–Zwanziger approach, see Ref. [340].
Since the ghost propagator is the inverse of the Faddeev-Popov operator, the ghost
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propagator has no pole in the Gribov approach, except on the horizon of the Gribov
region, which corresponds to the Q2 → 0 limit. In this case, the ghost propagator
diverges, following a 1/Q4 dipole form. Gribov found that when the integration of the
generating functional, or any correlation function, is restricted to the first Gribov region,
the Gribov mass generated by the copies suppresses the tree-level gluon propagator in
the Landau gauge, which should then take the IR form:
Dbcµν(q) = δ
bc
(
ηµν − qµqν
q2
)
q2
q4 +m4gr
, (4.51)
where mgr is the Gribov mass. With this form, the gluon propagator vanishes in the
IR, whereas as noted above, the ghost propagator diverges as 1/Q4. This behavior is
distinct from its 1/Q2 UV-behavior. This scenario, the Gribov–Zwanziger approach,
results in an IR freezing of αs analogous to the scaling solution seen in the SDE and
lattice studies; see Section 4.4.3 and Ref. [351]. However, the predicted IR exponent
is κ′ = 1 in this approach, differing from that of SDE (κ′ ' 0.595). The IR-freezing
value in this scenario was calculated for the ghost–gluon coupling by Gracey to be
αghs (0) = 16/3pi ' 1.70 (Landau gauge, MS, one loop calculation) [352].
The analytical properties of the calculations using the Gribov–Zwanziger approach
allows one to investigate the underlying reason for the freezing of the QCD coupling,
at least at one loop: As one expects on general dimensional considerations, the freezing
occurs because all dimensionful quantities cancel each other in the IR, so the coupling
becomes scale invariant. The mechanism for such a cancellation has its origin in the inter-
play of the anti-commutating Faddeev-Popov ghosts and the commutating “Zwanziger
ghosts”. Those arise from enforcing the Gribov region with the local Zwanziger La-
grangian. More recent 2-loop calculations of the gluon and ghost propagators are avail-
able [216, 353]. Although the original Gribov–Zwanziger approach leads to the scaling
solution, it should be noted that the decoupling scenario also appears to be possible in
an extended Gribov–Zwanziger approach, see Refs. [271, 272].
The Gribov–Zwanziger scenario may appear gauge-dependent since gauge-fixing pro-
cedures without Gribov copies exist, such as the axial or Laplacian gauges; see the related
discussion in Ref. [354]. The light-cone gauge A+ = 0 is also free of ghosts. In addition,
there are no ghosts using the stochastic gauge-fixing quantization method (see below)
which, in fact, was introduced in the QCD propagators/coupling context to circum-
vent the Gribov copy problem. However, in spite of the apparent gauge dependence
of the Gribov–Zwanziger scenario, equivalent mechanisms are found in the ghost-less
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frameworks, as we will see in the next section.
4.8 Stochastic quantization
Stochastic quantization provides a method to obtain the Green’s functions of an
Euclidean field theory [355]. It was first used by Zwanziger [245, 356] as a means to
obtain and solve the SDE without the Faddeev–Popov procedure, thus circumventing
the Gribov copy problem just discussed.
The formalism of stochastic quantization is based on a diffusion equation analogous
to the Fokker–Planck equation of statistical mechanics. The diffusion equation acts
within the space of gauge field configurations; it controls the probability distribution
P (Aµ) of the gluon field Aµ, just as the Fokker–Plank equation controls the spatial
distribution of diffusing bodies. The distribution P (Aµ) is the weight of the QCD’s
Euclidean generating functional, P (Aµ) = e
−S; and the nomenclature “stochastic” comes
from the weighted random walk of P (Aµ) characterized by the diffusion equation. The
drift force term in the diffusion equation is given by the functional derivative of the Yang–
Mills action, K aYMµ = −δSYM/δAaµ. The field solution of the equation is also the solution
of the Yang–Mills theory. There is no specific choice of gauge in this approach. Instead
of a single gauge-fixing which introduces the Gribov copies, a supplemental drift force
term in the form of infinitesimal gauge transformation, K agt µ = a
−1(∂µδac+fabcAbµ)∂ ·Ac,
is added to the diffusion equation. The coefficient a is a free-parameter akin to a gauge-
fixing term which controls the balance between the Yang–Mills drift force KYM and a
gauge restoring force Kgt. This approach reproduces perturbative QCD results in the
UV [357]. Furthermore, in the case of Landau gauge (a → 0), stochastic quantization
yields the same scaling solution in the IR as the SDE using the Faddeev-Popov method
(Section 4.4), lattice (Section 4.5) and FRG frameworks (Section 4.6), with a compatible
IR exponent κ′ for the gluon propagator [273, 356].
It has been found recently that the decoupling scenario is also a solution of the
stochastic quantization equations in the Landau gauge [273]. Zwanziger has shown that
the stochastic quantization formalism, constrained to the Landau gauge limit, generates
the Fadeev–Popov theory together with the Gribov gauge-fixing prescription [245]. Fur-
thermore, the diffusion equation, which can be solved exactly in the Landau gauge limit,
has the same solution as the Fadeev–Popov theory restricted to the first Gribov region
[349]. Thus, Kgt provides an additional term which removes the Gribov copy problem
[245, 340].
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Zwanziger has also derived the stochastic quantization SDE using the diffusion equa-
tion. Using truncation, the diffusion equation was solved approximately, but nonpertur-
batively, by assuming that the gluon propagator follows a power law in the IR. It was
found by Zwanziger [356], and confirmed by Llanes-Estrada and Williams [273], that the
gluon propagator contains a longitudinal component which becomes large and dominant
in the IR. The transverse gluon propagator is IR-suppressed as (Q2)−1+2k
′ ' (Q2)0.04 due
to longitudinal gluon loops, whereas the longitudinal gluon propagator is IR-enhanced
as (Q2)−1−k
′ ' (Q2)−1.52. This shows that in the stochastic quantization approach, lon-
gitudinal gluons take the place of ghosts. Although the longitudinal gluon propagator
vanishes as a in the Landau gauge limit, it still acts as the equivalent of a ghost since
vertices behave as 1/a, yielding an overall finite result. This leads to the same pic-
ture of confinement as already discussed: confinement would result from the enhanced
long-distance propagation of longitudinal gluons ( i. e., ghosts in the other frameworks),
while the transverse gluons (i. e., the gluons in the other frameworks) decouple at long
distances because of longitudinal gluons (ghosts) loops, and become irrelevant. This im-
plies an IR-freezing behavior for αs. The inclusion of quark loops is expected to preserve
this feature and to play no role in the IR as long as they are not massless [349].
Pawlowski and collaborators [358] have studied the ghost and gluon propagators
in SU(2)C , in 2, 3 and 4 dimensions and in the Landau gauge using the stochastic
quantization formalism on the lattice, and, as for most of the other lattice results, have
obtained the decoupling solution with an IR-vanishing coupling [358].
4.9 Analytic and dispersive approaches
We have discussed gauge-dependent and RS-dependent couplings, starting with the
SDE approach. As already noted, these arbitrary dependences are not a major obstacle,
since in general αs is not an observable. Nevertheless, one can try to restore the definition
of αs to a status close to an observable, as in the case of effective charges such as αV
or αg1, by demanding that it satisfies causality, i.e., that it is analytic in the complex
Q2-plane, except for branch points or cuts on the real time-like axis. Since the Landau
pole on the space-like-axis violates causality, demanding analyticity and the causality
of αs regularizes the Landau singularity. Such “ analytic” and “dispersive” approaches
were first proposed in the context of QED by Redmond [359] and then applied to QCD
[168, 360, 361]. Early work by Sanda [168], in which an analytic behavior is forced on
β(αs) using a Borel summation technique, yielded a coupling freezing at αs(0) ' 4. For
104
reviews of the analytic and dispersive approaches, see [2, 152, 362]. These approaches
are also discussed in the context of the SDE in [236].
4.9.1 Analytic approach
The Shirkov et al. “analytic” approach results in the folding of QCD nonperturbative
effects into the coupling [360, 361, 363]. The starting point is to define the analytic
coupling αan(Q
2) from a “spectral density” ρ(ν), following the Ka¨lle´n–Lehman relation:
αan(Q
2) =
1
pi
∫ ∞
0
dν
ρ (ν)
ν +Q2
, (4.52)
where the expression of ρ(ν),
ρ (ν) = =m
(
α
(l)
pQCD(−ν − iε)
)
α
(l)
pQCD(−ν − iε), (4.53)
depends on α
(l)
pQCD at loop order βl. The incorporation of the spectral function of Eq.
(4.53) into Eq. (4.52) leads to a Kramer–Kro¨nig type of relation for the coupling, which
demonstrates its analyticity/causality property. The expression of αan at order β0 is:
α(0)an
(
Q2
)
=
4pi
β0
(
1
ln(Q2/Λ2)
+
Λ2
Λ2 −Q2
)
. (4.54)
The result of regulating the Landau pole in the IR domain leads to an effective αan(M
2
Z)
compatible with the world data for αs(M
2
Z) [364]. The dependence on Λ cancels at
Q2 = 0 and we have α
(0)
an (0) = 4pi/β0. This value holds at all orders [361, 365, 366].
Near the Landau pole, α
(0)
an (Λ2(1 + ε)) = 2pi/β0 + O (2). As can be seen in Fig. 4.6,
αan(Q
2) does not freeze in the IR but does stay finite. The term Λ2/(Λ2 − Q2) in Eq.
(4.54) is a nonperturbative power law contribution since it is independent of higher order
perturbative terms in βl.
The procedure described above is extendable to higher orders, [2, 365], with the
same caveat as for the perturbative coupling: the solutions for β2 and higher orders are
either numerical or approximately analytic solutions. The solution at order β1 involves
the Lambert function; see Section 3.2. The resulting higher-order solutions α
(l)
an(Q2) are
numerically close to α
(0)
an (Q2). This is not surprising since all α
(l)
an(Q2) have the same
limit at Q2 = 0; in addition, they have a similar structure at Q2  Λ2 in the sense that
they differ only via perturbative terms βl. If nevertheless, one needs a coupling beyond
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Figure 4.6: The strong coupling α(0)an (Q2) in the analytic approach (continuous line), Eq.
(4.54). It can be compared to the pQCD expectation at leading order (dashed line) and to the
experimental extraction using the analytic definition of the strong coupling [174]. The value of
Λ was taken in the MS scheme. The dotted line is the massive analytic perturbation theory
prediction for Λ = 0.315 GeV and a glueball mass parameter mgl = 0.995 GeV.
order β0, convenient approximations are given in Refs. [367, 368].
The analytic approach of Shirkov yields good pQCD results for large Q2 [365] and
the additional Λ2/ (Λ2 −Q2) term generates, for large Q2, a series (Λ/Q)2n as expected
from the OPE [362, 369, 370, 371]; However, the results do not encompass all non-
perturbative effects. For example, a meaningful comparison with the strong coupling
αg1(Q
2), obtained from the Bjorken sum, is not possible, see Section 5.3. In addition,
the decay branching ratio of the τ lepton into non-strange hadrons evaluated with αan
is significantly underestimated [366, 372, 373].
The analytic approach was used by Baldicchi et al. to experimentally extract αs(Q
2)
for 0.013 < Q2 < 0.904 GeV2 from quarkonium spectroscopy [174], see Fig. 4.6. The
result is obtained in a model-dependent way of using the Bethe-Salpeter formalism. The
ansatz based on the Wilson loop correlator used is reminiscent of the potential approach;
see Section 4.3. It incorporates a Coulomb-like one-gluon exchange term proportional
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to αs(Q
2) and a confining term proportional to σ, the string tension. The meson mass
spectrum is calculated with αs(Q
2) using parameters such that experimental mass values
are reproduced. The authors concluded that the meson spectrum is better reproduced
with an analytic-type coupling without freezing rather than with a freezing coupling
constant [374]. This conclusion is model-dependent since it depends on the methodology
chosen to compute the meson spectrum. Indeed, other approaches in which αs freezes in
the IR reproduce the meson spectrum as well, as discussed in Sections 3.9.6 and 4.3.2.
The low-Q2 results of Baldicchi et al. are compatible with a finite αs(0) value lower than
expected from αan (Eq. 4.54), or even a vanishing αs(0). The large experimental and
theoretical uncertainties prevent a firm conclusion. The coupling is normalized in the
UV so that the 3-loop value α
(2)
an (M2Z) corresponds to the average world data for αMS. We
also note that the experimentally extracted αs should match the V -scheme, so the choice
to match to αMS may not be optimal. G. Ganbold reproduced the experimental coupling
αs(Q
2) of Baldicchi et al., and the meson mass spectrum with its Regge behavior, starting
from IR-finite quark and gluon propagators within a Bethe-Salpeter framework [375].
One can also improve the pQCD series by suppressing the Landau pole and using
the analytic approach. This method is known as analytical perturbation theory (APT).
For example, αan has been applied to the Bjorken sum rule perturbative expression, Eq.
(3.40), allowing one to push down the pQCD limit close to the domain of validity of
chiral perturbation theory [376].
Efforts have also been made to extend the validity of chiral perturbation theory pre-
dictions, see e.g., [187], and to systematically improve the semi-classical approximation
provided by light-front holographic QCD [130]. Bridging the high and low Q2 domains
could provide a convenient analytical description of QCD using hadronic degrees of free-
dom at low Q2 and partonic ones at large Q2. Progress towards such bridging has been
achieved recently [131].
Improved perturbation theory would also allow for more reliable extractions of
higher-twist terms; However, their meaning needs to be reinterpreted since some of
their effects are folded in αan. The APT formalism has been extended by Bakulev and
collaborators in [377].
In addition to the approach just described, analytic forms for αs can be obtained
using effective charges and other methods. For example, Nesterenko et al. constrained
the full β-function to be analytical [369, 378], yielding an “analytic invariant charge”
107
similar to αan(Q
2), Eq. (4.54). At β0 it reads:
αaic(Q
2) =
4pi
β0
(
1
ln(Q2/Λ2)
− Λ
2
Q2ln(Q2/Λ2)
)
(4.55)
In contrast to αan(Q
2), αaic(Q
2) diverges as Q2 → 0. This small-Q2 behavior could
account for the linear confinement term of the static potential; see the discussion in
Section 4.3. Alternatively, the divergent behavior can be suppressed by including effects
due to the pion mass [379], yielding a value of αaic(0) = 0.47 for Λ = 0.623 GeV and
nf = 2. This approach has been linked to the phenomenology of instantons [380].
The compatibility of Nesterenko’s coupling to the Schwinger–Dyson formalism and its
consequences for chiral symmetry breaking are discussed in Ref. [381], where IR divergent
constituent quark masses are taken as a manifestation of quark confinement, and the
value of Λ = 0.880 GeV is constrained in order to recover the pion decay constant.
Alekseev et al. has introduced a “synthetic coupling” [382] which builds on the
concept of αan, Eq. (4.54), by adding nonperturbative pole terms to the coupling, or
equivalently δ-functions in the spectral density ρ(ν). These terms simulate the static lin-
ear confinement potential and the dynamically generated gluon effective mass discussed
in Sections 4.3 and 4.4.4. The extended definition at order β0 is:
αsyn
(
Q2
)
=
4pi
β0
(
1
ln(Q2/Λ2)
+
Λ2
Λ2 −Q2 +
cΛ2
Q2
+
(1− c) Λ2
Q2 +m2g
)
, (4.56)
where c > 1 is a dimensionless parameter and the gluon effective mass is mg = Λ/
√
c− 1.
The term cΛ2/Q2 provides the linear binding term in the static potential with string
tension σ = 8picΛ2/3/β0. Expressions exist up to order β3.
The massive analytic perturbation theory (MPT) is another analytic approach by
Shirkov [383] in which the suppression of the Landau pole is achieved by the introduction
of a glueball mass mgl ' 1 GeV, rather than by the Λ2/(Λ2−Q2) term in Eq. (4.54). The
nonperturbative coupling is essentially obtained from the pQCD expression of αs(Q
2)
by substituting Q2 by Q2 +m2gl. It results in an IR-freezing behavior; see Fig. 4.6. MPT
was in particular used to improve the APT description of the IR experimental data for
the Bjorken sum, Eq. (3.40), obtained at Jefferson Lab [75, 185]. The elimination of the
Landau pole can also be linked to a glueball mass in background perturbation theory;
see Section 4.10.
All of these related approaches are physically-motivated to suppress the Landau pole
which is the artifact of the standard perturbative approach. Several versions of analytic
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couplings have been coded in Fortran by Ayala and Cvetic [384].
4.9.2 Dispersive approach
The ‘‘dispersive” approach was proposed by Y. L. Dokshitzer and collaborators [176,
177] to manage the presence of nonperturbative µn(Q
2)/Qn power corrections expected
from the OPE. The parameter µn(Q
2) depends logarithmically on Q2; see e.g., Eq.
(3.25). The goal of the resulting coupling αdmw(Q
2) is to represent the strength of the
strong interaction at large distances; it is thus parameterized by a set of phenomenolog-
ical parameters which can be extracted from inclusive observables. Hence, the resulting
coupling incorporates power corrections, as is the case for the effective charges discussed
in Section 4.1, but it is designed to provide a universal coupling, without specific process
dependence. The coupling αdmw(Q
2) can therefore be related to αV and to αgse defined
from the gluon self-energy [234], see also Ref. [235]. As it is the case for αgse, the coupling
αdmw(0) has an IR finite value of about 0.6 [176, 288]. Similar approaches are described
in the references given in [64] (Sections 3.8 and 4.11) and [191] (Section 4.1.3). It is also
closely related to Grunberg’s concept of an effective charge (Section 4.1).
Dokshitzer, Marchesini and Webber have proposed an effective coupling which sat-
isfies a dispersion relation:
ρ(ν2) =
d αdmw(ν
2)
d ln (ν2)
, (4.57)
where ν is a dispersive variable. Although the formalism uses standard massless gluon
fields, ν plays a role equivalent to a small gluon mass (“dispersive mass”) in the cal-
culations. The Dokshitzer–Marchesini–Webber coupling is related to a perturbative
coupling, with a definition close to the V -scheme and, like the effective charges of Sec-
tions 3.7.1 and 4.1 or αgse of Section 4.4.4, it can be viewed as a generalization of the
Gell-Mann–Low QED coupling, since it is the coupling stemming from the propagator of
a dressed gluon [176, 2]. The coupling αdmw(ν
2) is also related to the analytic coupling
αan which obeys the Ka¨lle´n–Lehman dispersion relation; see Eq. (4.52):
αan
(
Q2
)
= Q2
∫ ∞
0
αdmw(ν
2)
d ν2
(ν2 +Q2)2
, (4.58)
or
αdmw
(
ν2
)
= sinc
(
pi
d
d ln (ν2)
)
αan
(
ν2
)
. (4.59)
Since αan is obtained from a dispersion relation, it has no Landau pole. Expanding the
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cardinal sine to first order yields αdmw for small αan(Q
2) regime, i.e. in the UV:
αdmw
(
ν2
) ' αan (ν2)− pi2
6
d2αan(ν
2)
d ln2 (ν2)
+ ..., (4.60)
This effective coupling is designed to provide the power corrections for inclusive observ-
ables as a function of a finite set of parameters to be determined phenomenologically.
For example, the DIS structure function is obtained by calculating the relevant Feynman
diagram amplitudes with gluons of effective mass ν. At first order:
F
(
Q2, xBj
)
=
∫ ∞
0
dν2
ν2
αdmw(ν
2)F˙ (Q2, xBj) , (4.61)
with F˙ ≡ ∂F(Q2, xBj, ν2)/∂ln(ν2), the “characteristic function” of F (Q2, xBj). F˙ can
be calculated perturbatively; it depends only on xBj at first order, together with the
power corrections µ2(Q2)/Q2. As suggested by the OPE, F can also be written as:
F
(
Q2, xBj
)
= F PT
(
Q2, xBj
)
+
∑ µ2p (Q2, xBj)
Q2p
, (4.62)
where F PT is the perturbative expression of F . The OPE imposes the condition that
p is an integer, whereas the present approach allows it to also be a half-integer. The
possible values of p are predicted by the formalism. The power correction coefficients
take the form:
µ2p = C1A2p + C2A
′
2p + C3A
′′
2p. (4.63)
The coefficients Ci are obtained for a specific process by calculating F in the pQCD
µ2/Q2 → 0 limit. The Q2-dependent functions A2p, A′2p and A′′2p must be obtained
from measurements; however, they are universal. The pinch technique allows to form
a gauge-independent formulation of αdmw and to relate it to αgse. This program has
been applied to a large number of observables in addition to the applications provided
in [176].
4.10 Background perturbation theory
Given the importance of nonperturbative effects at low-Q2 and the successes of the
static potential approach of Eq. (4.15), in which short- and long-distance forces are
conveniently separated, several authors have proposed to formulate QCD with the gluon
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field separated as a perturbative part and an effective nonperturbative part [385]. Within
this framework, namely background perturbation theory (BPT), Simonov computed the
1-loop coupling [220] in the pure field case. Three possible definitions of αs have been
considered, including one based on the static potential [220].
The gluon propagator in given by its perturbative Green’s function in a nonpertur-
bative background characterized by the QCD string tension σ. The nonperturbative
background strongly influence the long-distance behavior of αs; it becomes finite and
freezes at small Q2-values. In effect, the background field introduces a mass term such
that the argument of αs(Q
2) becomes Q2 + m22g in the IR; whereas the pQCD form is
retained in the UV where the influence of the nonperturbative background field is negli-
gible. This replacement is valid at all loop orders. For example, the 1-loop coupling can
be cast into the same form as first put forth by Cornwall, Eq. (4.28):
αBPT
(
Q2
)
=
4pi
β0 ln
(
m22g+Q
2
Λ2
) . (4.64)
Here, rather than being aQ2-dependent effective gluon mass, m2g is a constant. However,
it depends on the process considered [386, 387]: It can be related to the tension of the
fundamental QCD string σf :
√
2piσf ∼ 1 GeV [220], or to the mass of a two-gluon
bound-state glueball M2g(0
++): the tension of the adjoint string connecting the two
gluons, m2g '
√
2piσa ' 2 GeV [387].
In this formalism the power corrections (IR renormalon) are again folded into the
coupling. An interesting insight is that the freezing value (or equivalently the value
of m2g) is not universal, but depends on the embedding process, as is it is the case
for the effective charges ; see Sections 3.7.1 and 4.1. The regulator mass, m2g ' 1 − 2
GeV –depending on the process considered– yields a range of freezing values between
0.37 and 0.60 for ΛMS = 0.34 GeV. The freezing of αBPT is interpreted as due to the
paramagnetic interaction of the gluon spin with the nonperturbative background field
[387].
Badalian and collaborators [45] have also used the BPT to compute αBPT in co-
ordinate space. Given this coupling, the perturbative 1/r static Q–Q potential can
be produced [45, 388]. The calculations are done up to 3 loops, where the values of
ΛBPT = 0.385 GeV and m2g = 1.06 GeV are obtained from the analysis of the bot-
tomium fine structure. The corresponding freezing values, given in Table 4.1, depend
on the loop order and the number of quark flavors.
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loop 1 2 3
nf = 1 0.598 0.428 0.805
nf = 3 0.731 0.536 0.972
Table 4.1: Values for αBPT (0) in background perturbation theory for ΛBPT = 0.385 GeV
(taken independently of nf ), m2g ' 1 GeV, and various loop orders and nf values.
4.11 Optimized perturbation theory
Mattingly and Stevenson have applied OPT (see Section 3.8) at 3rd order to the
e+e− total cross-section Re+e− [389]. This produces an IR-finite optimized coupling
αOPT . Solving the OPT equations and demanding RS-independence yield a coupling
which freezes below Q2 ' 0.1 GeV2 at the value [389, 2]:
αOPT = pi
−β1 +
√
β21 − 336β20c
24β0c
= 0.826 (4.65)
with c = 10.911. This result, which is process dependent, is obtained at 3rd order in the
OPT and for nf = 2. The 4
th order result yields αOPT (0) = 0.568. (The coupling does
not exhibit a IR-fixed point at 2nd order.)
4.12 quark–hadron duality
This approach by Courtoy and Liuti [390], is based on global quark–hadron duality,
a phenomenon discovered in 1970 by Bloom and Gilman [132, 133]. Bloom and Gilman
observed a remarkable similarity between the unpolarized proton structure function F p2
when it is measured in DIS, and its average when it is measured in the resonance region:
in effect, the DIS measurement appears as the average of the resonance contributions.
This matching is interpreted as limiting the size of the higher-twist contributions to
F2. Courtoy and Liuti have noted that the large-xBj resummation contribution to F
p
2 ,
corrected for nonperturbative effects, requires the knowledge of αs in the IR [390]. Thus
the evolution of αpQCD(Q
2) near Q2 ' 1 GeV2 must be regulated in order to explain
parton–hadron duality. The freezing behavior of the coupling is assumed [390] and its
freezing value is determined to be αs(Q . 1 GeV) = 0.50± 0.08 (MS RS).
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4.13 The IR mapping of λφ4 to Yang–Mills theories
The pure gauge sector of QCD has been studied by Frasca by mapping it to the scalar
self-interacting λφ4 theory [391]. Frasca showed that in the IR limit or the classical limit,
the mapping is complete. The scalar boson propagator is computed, and the running
coupling can be deduced from it. The non-vanishing propagator leads to α(Q2)→ 0 as
Q2 → 0.
4.14 The Bogoliubov compensation principle
In Ref. [172], Arbuzov formed a nonperturbative coupling by applying the Bogoli-
ubov compensation principle [392] to QCD. One uses SDE constraints to modify the
one-loop pQCD expression of αs. The first-order approximate solution to this approach
yields a gauge-invariant, RS-independent (1-loop expression) coupling which presents a
finite maxima at the Landau pole position, and then vanishes in the deep IR region. The
regulation of the Landau pole is due to a three-gluon interaction.
4.15 Curci–Ferrari model
Tissier and collaborators have computed the gluon and ghost propagators, and the
quark–gluon vertex with a 1-loop model including a gluon mass term [393]. They used
the Curci–Ferrari model [394] as an effective description. The resulting coupling is finite,
vanishes in the IR, and remains small enough to justify the use of perturbation theory in
the IR domain. When converted to the MS RS, one finds αMS . 0.5, except in the Lan-
dau gauge for which the coupling is significantly larger. The calculations were initially
carried in the pure-gauge sector, with dynamical quarks subsequently introduced.
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Chapter 5
Comparison and discussion
5.1 Validity of the comparison
In this review we have discussed four distinct types of IR-behavior for the QCD
running coupling, αs(Q
2), using different theoretical frameworks: a divergent behavior,
typically behaving as 1/Q2; a freezing to an IR fixed point; a vanishing coupling αs(0) =
0; or IR-finite behavior with nonzero slope. In fact, studies which agree qualitatively
with one of these behaviors can still differ quantitatively. For example, the models
which predict a freezing of αs can disagree on its value by an order of magnitude. These
qualitative and quantitative differences can have a number of causes.
We itemize below the causes that we have identified and illustrate them with exam-
ples.
Difference in the definitions In the perturbative domain, the coupling regulated in
any RS with a massless gluon can be equivalently defined from the renormalization of
any choice of the gluonic vertex: αghs = α
3g
s = α
4g
s = α
qg
s . For example, in Section 3.5,
the coupling was defined from the quark–gluon vertex αqgs ; see Eq. (3.38). However, in a
RS with a massive gluon, the choice of definition ceases to be equivalent (Section 4.4.1).
In addition, these couplings can display significant gauge-dependence at small Q2.
Other definitions of the coupling employ an analytical expression based on pQCD,
typically Eq. (3.17) and, in one way or another, supplement it with nonperturbative
terms while retaining gauge invariance. The definitions can differ from each other since
different nonperturbative contributions can be chosen. For example, a coupling defined
as an effective charge comprises, by definition, all the nonperturbative contributions (in-
cluding the observable-specific ones) thus making it observable-dependent. In contrast,
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nonperturbative contributions are only partially included in the analytic approach, but
the coupling remains observable-independent.
We will discuss in more detail examples of adding nonperturbative terms in Section
5.3.
Differences due to the choice of the renormalization scheme The dependence
of the QCD coupling on the choice of the RS can be studied in the UV by methods such as
Commensurate Scale Relations. However, the dependence on scheme or effective charge
can remain significant in the IR. This can explain the spread of freezing values seen in the
literature [170, 395] as will be discussed in more detail in Section 5.2. The RS dependence
has also been investigated in Refs. [191, 396, 397, 398]. In Ref. [399], couplings in the
MS, M˜OM and the modified regularization invariant schemes were compared, with the
conclusion that for these choices, the scheme-dependence is moderate. This is seemingly
at odds with the results of Refs. [170, 395] for effective charges. The importance of the
RS choice –or other arbitrary choices– on the IR-behavior of αs clearly depends on the
IR-definition of the coupling. For example, if the coupling is defined from an observable,
the choice of gauge is irrelevant, whereas it is important for couplings defined from
vertices.
Differences in the predicted value for Λ within a given RS One expects that in
a given scheme with the same value of nf , the value of Λ must be universal; In practice
however, one finds a spread of values encountered in publications computing αs in the
IR.
Difference of relativistic forms The confining LF harmonic oscillator potential for
light quarks in the front form – (Section 4.2) is equivalent to the nonrelativistic confining
linear potential in the instant form (Section 4.3) [205]. Thus, even if one includes the
same long-distance forces in the IR definition of αs, different relativistic forms and
kinematic domains can lead to different analytic behavior of the running coupling; e.g.,
the Gaussian shape in the front form for light quarks and the 1/Q2 behavior in the
instant form for heavy static quarks. In fact, the exponential form for the coupling
obtained from holographic QCD is only valid for light quarks, while the 1/Q2 behavior
is specific to heavy static quarks.
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Difference in gauge choices The effect of the gauge choice for gauge-dependent cal-
culations of the coupling has been investigated by several authors [273, 400]. However,
there is no consensus on the results. For example, studies using linear covariant gauges
indicate that the gauge-dependence is weak for gauges chosen close to the Landau gauge
[231, 318, 319]. In contrast, Aguilar and collaborators [235, 330] have argued that the
differences between gauge-dependent and phenomenological (gauge-independent) calcu-
lations of αs can be attributed to the choice of gauge. For example, in calculations
yielding αs(0) ' 3 (see Section 5.4), the gluon propagator is typically computed in Lan-
dau gauge. In the phenomenological analyses, which tend to yield αs(0) ' 0.6, the Pinch
Technique propagator (which is in effect similar to the Feynman gauge propagator) is
relevant. The authors carry out Lattice QCD calculations in the two cases and recover
the aforementioned differences. Likewise, the coupling defined using the Curci–Ferrari
model [394] shows significant differences when computed in the Landau versus other
gauges. The gauge dependence of αs has also been discussed in Section 4.4.8.
Difference due to the choice of solution Two solutions can be found for couplings
defined from vertices, (see Section 4.4.3), one leading to a finite non-zero freezing IR
value of αs (scaling solution), the other to an IR vanishing of αs (decoupling solution).
Some authors have focused on one or the other solution. For example, the authors in
Ref. [273] have shown that the decoupling solution has a smaller value for the action
than that of the scaling solution. This fact suggests why it is the decoupling solution
that is more often found in lattice studies.
Difference in approximations Approximations are often necessary to make calcula-
tions of αs tractable. Uncontrolled approximations will clearly produce different results.
For example, in the case of the SDE (Section 4.4), integrating out the angles, as was
done in early calculations, results in larger freezing values [250]. For example, in the
pioneering analysis in Ref. [246], one finds that αghs freezes at a value about 3 times
higher than indicated by other determinations.
The coupling αghs is particularly sensitive to the choice of approximations because
it is defined as the product of Z(Q2, µ) and D(Q2, µ), the gluon and ghost propagators,
respectively (see Eq. (4.25)). In the scaling solution, Z(Q2, µ)→ 0 and D(Q2, µ)→∞
in the IR. Thus, small differences in the approximations and the truncations employed,
the choice of gauge, and even the level of numerical precision may lead to large differences
in the freezing value.
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The reliability of SDE truncation schemes was studied and then improved in Refs. [401]
and [268], reaching the conclusion that the standard scheme is reliable for qualitative
estimates of the propagators and the IR coupling.
An important and still widely used approximation is to work in the pure gauge sector.
To appreciate its effect, one can compare for example Eqs. (4.29) and (4.34) or look at
Table 4.1 page 112. This approximation has been discussed within the SDE framework
in Section 4.4.7. Unquenching the lattice calculations yields larger freezing values of αs
by a factor 2, from 0.2 to 0.4 in e.g., Ref. [402], and in the static potential approach
by 40%, from αV ' 0.3 (quenched) to αV ' 0.4 (nf = 2 + 1) [214]. In the approach
of Badalian et al. (BPT) in Refs. [45, 388], the nf = 3 IR freezing value increases by
∼ 20% compared to nf = 1 (here ΛV is fixed at ∼ 0.4 GeV). In [332], there is no direct
influence from the quark loops, but they still alter the IR-behavior of αs by affecting the
value of the effective gluon mass. Other groups have argued that the influence of quarks
is always small ([315, 349]).
In lattice QCD, the discretization and finite volume approximations may lead to
unphysical artifacts, noticeably the IR-suppression of the value of αs. Furthermore, the
choice of the mass of light quarks has been argued to be critical to the IR behavior of
αs [153].
Difference in pQCD order In several analyses, the pQCD expression for αs, Eq.
(3.24), has been used to determine the IR-behavior; see Section 3.9.6, or to establish
a modified expression for αs, see for example Eqs. (4.19), (4.28) or (4.54). In the last
case, a low-order approximation is often used. As seen in Fig. 3.1, the magnitude of
the coupling depends on the pQCD order. This dependence is controlled by the choice
of parameters entering the IR expression for αs, e.g. the gluon effective mass, or similar
scale parameters (see the enumeration page 61), the matching point between the IR and
UV domain, and/or the value used for Λ.
Difference of the medium A physical argument given by Brodsky and Shrock for
the origin of the freezing of αs [6] suggests that such freezing within the color confine-
ment domain of hadrons depends on the size of the host hadron: the larger the hadron,
the smaller the Q2-scale at which the freezing occurs (since it is due to the long wave-
length cut-off above the characteristic size of the given hadron) and thus the larger
the value of the frozen coupling, since the pQCD domain in which αpQCD grows with
distance is larger. Furthermore, in the specific case of αV , some medium dependence
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is expected, in analogy to the Bethe state-dependent logarithm appearing in the Lamb
Shift of hydrogenic atoms; see Section 3.7.1.
Medium dependence is also the expectation from the background perturbation theory
(BPT); see Section 4.10. Other arguments have been put forth by Titard, Yndurain, and
Pineda [403]. Finally, the inclusion of observable-dependent nonperturbative effects in
the definition of the coupling, as is the case for effective charges (Sections 3.7.1 and 4.1),
will naturally introduce medium dependence. However, this dependence is sometimes
suppressed as illustrated by the effective charge αg1 in Section 4.1.1.
Difference in group symmetries The strong coupling is sometimes computed in
color SU(2), where it has a larger value than in color SU(3). In the pure gauge case,
the comparison is straightforward: the coupling scales as 1/N . This comes from αpQCD
factoring the IR-definitions of αs, see Eqs. (4.25), (4.41) and (4.42). For the pure gauge
case, αpQCD ∝ 1/β0 = 3/(11N). Thus, 3αSU(3)s = NαSU(N)s . This dependence is verified
by Lattice calculations [336, 342], the stochastic quantization approach [245], and the
FRG framework [344].
Difference in temperatures In this review, we have only considered calculations for
zero temperature T = 0.
Difference in space dimensionality Theoretical analyses of gauge couplings have
been performed in 4D, 3D or 2D in Minkowski or Euclidean spaces. We have focused
on the 4D calculations relevant to QCD, and have ignored a large body of work done
for other numbers of dimensions, since the basic behavior of the coupling may be quite
different. It is important to recall that only in 4D the QCD coupling is dimensionless.
Ignoring Gribov copies Choosing a particular solution among the Gribov copies
and ignoring the others does not seem to affect the behavior of αs: several groups
using different approaches have concluded that Gribov copies have little or no effect, see
Section 4.7.
The above list demonstrates that the different predictions for the QCD coupling
in the IR cannot be compared straightforwardly. Correcting for these differences to
obtain a valid comparison of published results goes well beyond the scope of this review.
However, one can attempt to roughly assess the effects of these differences to ascertain
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αs(0) RS Q
2
0 (GeV) Λ (GeV)
1.22± 0.04± 0.11± 0.09 MS 0.75± 0.03± 0.05± 0.04 0.34± 0.02
2.30± 0.03± 0.28± 0.21 V 1.00± 0.00± 0.07± 0.06 0.37± 0.02
3.79± 0.06± 0.65± 0.46 MOM (L) 1.32± 0.02± 0.10± 0.08 0.52± 0.03
3.51± 0.14± 0.49± 0.35 g1 1.14± 0.04± 0.08± 0.06 0.92± 0.05
Table 5.1: Column 1: values of αs(0) calculated in different RS (column 2). The MOM
results are in the Landau gauge. The transition scale Q20 is given in column 3. Column 4 gives
the input values used for Λ for each RS. The uncertainties on αs(0) and Q
2
0 come (from left to
right) from the uncertainty on αpQCD, the uncertainty on the hadronic scale κ in LFHQCD,
and an assigned 5% uncertainty for Λ. Source: The table is from Ref. [395]
if a consensus on the IR-behavior of αs could be in sight. First, we will discuss the
fact that couplings expressed in different RS must freeze at different values, and how to
account for this difference.
5.2 Influence of the renormalization scheme
The influence of RS can be quantitatively assessed using the light front holographic
QCD approach [395]. In Section 3.9.6, αpQCD in a given RS is matched to αAdS to
determine the perturbative QCD scale Λ and the matching point Q0, which in turn
determines the quark–hadron transition. Rather than determining Λ, one can use the
known value of Λ and leave the RS-dependent freezing value αs(0) as a free parameter,
together with Q0. This allows the IR-behavior of αs to be established in any RS, see
Fig. 5.1. The different freezing values obtained are given in Table 5.1.
The MS freezing value obtained from the matching procedure is αMS(0) = 1.22 ±
0.15, twice as large as than the result obtained from phenomenology (i.e. mainly from
the spectroscopic approach, see tables 5.2 and 5.3) typically 0.5±0.2. It is closer to Corn-
wall’s MS results including quarks (αMS(0) = 0.81, Section 4.4.7), and comparable to
the results using Shirkov’s analytical coupling (αMS(0) = 1.25, Section 4.9), and those of
Gracey’s MS calculation using the Gribov–Zwanziger approach (αMS(0) = 1.70, Section
4.7). The value of Q0 is consistent with that found by Gomez and Natale [404]. However,
a value of Q0 that is smaller than 1 GeV is inconsistent with the analysis of Badalian
and collaborators of the charmonium and bottomonium fine-structure data [405]. Their
coupling at Q2 = 1 GeV2, αMS(Q
2 = 1) ' 0.4, is already significantly influenced by
IR effects: it is about 50% lower than the pQCD prediction. However, the analysis of
Badalian and collaborators is done at 2-loops, whereas the results reported in Table 5.1
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Figure 5.1: How different renormalization schemes lead to different freezing values for αs.
The black dashed line represents the AdS/QCD continuation of αpQCD in the MS scheme
(continuous black line), the blue line is the effective charge αg1 in the g1 scheme (without
enforcing the αg1(0) = pi constraint), the green line is the effective charge αV in the potential
scheme and the red line is αs in the MOM scheme and Landau gauge. The widths of the curves
represent the uncertainty stemming from the truncation of the pQCD β-series.
are obtained at 4-loops. The 2.84± 0.02 freezing value in the MOM scheme and Landau
gauge is in close agreement with numerous αghs ' 3 results obtained in the MOM scheme
and Landau gauge using SDE and lattice gauge theory.
This approximate agreement indicates that different choices of scheme may explain
a significant part of the spread of freezing values seen in the literature. However, as
discussed at the beginning of this section, other factors must be considered before a
satisfactory comparison is made, the main factor being the particular IR-definition of
αs. For example, correcting for the RS does not explain the disagreement between the
effective charges extracted from the Bjorken sum and from τ -decay: The coupling ατ (s)
extracted from experimental data [90] in Ref. [40] freezes around ατ (0) ' 7. Correcting
to the g1 scheme, the freezing value becomes α(τ)g1(0) ' 6, roughly twice the expected
value of pi. This discrepancy may be due to the unsubtracted pion pole that is part of
ατ (s), which by analogy, is analogous to the elastic contribution that must be removed
from αg1 (see Section 4.1).
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5.3 The contributions of nonperturbative terms to
αs(Q
2)
The QCD running coupling αs(Q
2) invariably includes dynamics associated with
nonperturbative physics. This is particularly clear when one defines the coupling in terms
of an effective charge defined from a physical observable. In addition, the coupling at
large momentum transfer will also depend on the choice of the renormalization scheme.
The reasons behind the RS-dependence of αs(Q
2) are not apparent in our previous
discussion. They can be better apprehended if the explanation is recast in terms of non-
perturbative effects. In this section we shall show, using two examples, how higher-twist
terms remove the artificial pQCD divergence (Landau pole) and how they shape the
behavior of αs(Q
2) at low Q2. We will see in particular how the transition between the
IR behaviors of αg1 (g1 scheme) and αMS (MS scheme) occurs.
The role of nonperturbative contributions and the renormalization scheme depen-
dence can be illustrated using the effective charge αg1 [406]. The integral entering the
Bjorken sum rule
∫ 1
0
dxBj[g
p
1(xBj, Q
2)− gn1 (xBj, Q2)] can be expanded in powers of 1/Q2
using guidance from the OPE :∫ 1
0
dxBj
(
gp1
(
xBj, Q
2
)− gn1 (xBj, Q2)) = ∞∑
i=1
µ2i
Q2i−2
. (5.1)
The integration includes the xBj = 1 elastic contribution which, by definition, is higher-
twist. The leading-twist term is given by Eq. (3.40). We recall it here and adopt the
estimate for the α5
MS
coefficient given by Kataev [407]:
µ2(Q
2) =
gA
6
[
1− αMS
pi
− 3.58
(
αMS
pi
)2
− 20.21
(
αMS
pi
)3
− 175.7
(
αMS
pi
)4
− 893.38
(
αMS
pi
)5
+O
(
α6
MS
)]
. (5.2)
From Eqs. (4.1), (5.1) and (5.2), one has:
αg1(Q
2)
pi
=
αMS
pi
+ 3.58
(αMS
pi
)2
+ 20.21
(αMS
pi
)3
+ 175.7
(αMS
pi
)4
+ 893.38
(αMS
pi
)5
+O (α6
MS
)− 6
gA
∑
i=2
µ2i
Q2i−2
. (5.3)
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The nonperturbative terms are represented by the 1/Q2i−2, i > 2, power corrections ; i.e.,
higher-twist contributions of order 2i. Each higher-twist coefficient µi can be expressed
as a sum of kinematical twist terms with a power smaller than 2i as well as a dynamical
term of order 2i. For example, the twist-4 coefficient is [408]:
µ4 =
M2
9
(
ap−n2 + 4d
p−n
2 + 4f
p−n
2
)
, (5.4)
where ap−n2 is the twist-2 target-mass correction given by the x
2
Bj-weighted moment of
the leading-twist gp−n,LT1 structure function: a
p−n
2 =
∫ 1
0
dxBj (xBj
2gp−n1 ). The twist-3
matrix element dp−n2 is given by:
dLT2 =
∫ 1
0
dxBj x
2
Bj
(
2gp−n,LT1 + 3g
p−n,LT
2
)
, (5.5)
where the spin structure function g2 provides the twist-3 contribution. The function f
p−n
2
is the pure twist-4 contribution. The dynamical higher-twist terms correspond physically
to the interactions between the struck quark and the nucleon’s quark spectators, which by
definition, are nonperturbative contributions associated with the bound-state dynamics.
The coefficients are modified by powers of log(Q2) due to DGLAP evolution.
The result of unfolding the twist-4 and the higher order pQCD corrections to µ2 in
αg1 is illustrated in Fig. 5.2. The blue squares give the effective charge αg1(Q
2), Eq.
(3.41), as shown in Fig. 4.1. The magenta open circles show α¬ RCg1 , that is the coupling
obtained after unfolding from αg1 the µ2 pQCD radiative corrections (RC) up to N
4LO.
The black stars are for α¬ RC, HTg1 when the twist-4 term is excluded from αg1 as well. In
practice the three sets of data shown in Fig. 5.2 are obtained from solving three different
equations that contains or not the pQCD soft radiation effects and higher-twists : The
blue squares are obtained from solving Eq. (3.41); The magenta circles are obtained
from solving Eq. (3.40), or equivalently from solving Eq. (5.1) for imax = 1; The black
stars are obtained from solving Eq. (5.1) for imax = 2.
To exclude the twist-4 term, we use the following procedure: A fit to the polarized
parton distributions [409] can be used to determine the twist-2 ap−n2 term in Eq. 5.4:
At Q2= 1 GeV2, ap−n2 = 0.031. The d
p−n
2 matrix element is obtained from Refs. [184]
and [410] and evolved from Q2= 5 GeV2 to 1 GeV2. This yields dp−n2 = −0.008. The
pure twist-4 term αMS(Q
2) is known experimentally [75, 185] based on the use of the
αMS(Q
2) scheme. However, for a proper investigation of the role of higher-twist con-
tributions in αg1(Q
2), the value of fp−n2 must be obtained independently of αMS(Q
2).
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Figure 5.2: Experimental data and sum rule constraints for the effective charges αg1(Q
2)
and αF3(Q
2) (blue squares). The magenta circles show the effect of unfolding from αg1 the
N4LO pQCD corrections to µ2. The black stars correspond to the case when the higher-twist
coefficient µ4 is unfolded as well. The continuous lines of matching colors are the corresponding
predictions from the GDH (low-Q2 domain) and Bjorken (high-Q2 domain) sum rules. The
dashed black line is the pQCD expectation calculated up to β3. For clarity, we show the
uncertainties only for the blue square data.
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(If one uses the experimentally extracted value of fp−n2 , one would have by construc-
tion α¬ RC, HTg1 (Q
2) = αMS(Q
2).) Theoretical calculations of f2 do exist [411] giving
fp−n2 = −0.03 after subtracting an elastic contribution to f2 of -0.02. The power cor-
rections reintroduce divergent 1/Q2n terms. It is normally acceptable to use the OPE
formalism down to Q2 ∼ 1 GeV2. In fact, the higher-twist series may still converge at
lower Q2: For example, at Q2 = 0.5 GeV2 the higher-twist coefficient µ24/Q
2 = 0.3 is
well below unity.
The continuous lines in Fig. 5.2 are the predictions from the GDH sum rule at low-
Q2, Eqs. (4.3) and (4.4), and from the Bjorken sum rule at high-Q2, Eq. (4.1). Once
the pQCD and higher-twist corrections are unfolded from αg1 , the coupling α
¬ RC, HT
g1
agrees well at large Q2 with the pQCD expectation given by the dashed line. At low
Q2, the freezing value of α¬ RC, HTg1 is now about 0.6, closer to the value found in many
MS determinations of αs; see the list in the next Section and see also Fig. 5.3.
We note that accounting for the twist-4 contributions lower the freezing value from
0.62 to about 0.5. This is because µ4 < 0. Experimental studies indicate that µ6 ∼ 0 and
µ8 ∼ −µ4 > 0 [75, 185]. Consequently, the addition of more higher-twist contributions
would increase the freezing value, possibly close to the 1.2 value seen in Fig. 5.1. In
addition to revealing the mechanisms behind the RS-dependence of αs(0), namely here
how one makes the transition between αg1 and αMS, this analysis also shows that the
failure to account for nonperturbative effects, behaving as 1/Qn at intermediate Q2, can
lead to a Landau pole.
As an alternative to effective charges, we can use Shirkov’s analytic coupling to study
the effect of higher-twists. We recall here its LO form:
α(0)an
(
Q2
)
=
4pi
β0
(
1
ln (Q2/Λ2)
+
Λ2
Λ2 −Q2
)
. (5.6)
For Q2  Λ2, the domain where OPE is valid, the contributions beyond the leading-
power pQCD contributions can be expanded using Λ2/(Λ2 − Q2) = −∑n=1(Λ2/Q2)n,
in apparent agreement with the form of the power corrections expected from the OPE.
We note the negative sign which compensates for the positively diverging Landau pole.
Taking the OPE expansion of some observable:
A
(
Q2
)
=
∑
n=0
anα
n
pQCD(Q
2) +
∑
i=1
bi(Q
2)
Q2i
, (5.7)
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and expressing it using Eq. (5.6) i.e., with power corrections folded in the coupling:
A
(
Q2
)
=
∑
n=0
a′nα
n
an(Q
2), (5.8)
one has an = a
′
n, b1 = −Λ2(a1 + 2a2αpQCD + · · · )4pi/β0, b2 = −Λ4(a1 + a2(2αpQCD −
4pi/β0 + · · · )4pi/β0, · · · . The results obtained for the bi are observable-dependent
(through the coefficients an) and have a Q
2 logarithmic dependence in the UV (through
αpQCD), as expected. However, the Q
2-dependent functions bi do not include all non-
perturbative effects. For example, an and αpQCD include only short-distance phenomena
(gluon bremsstrahlung, vacuum polarization) whereas some of the higher-twist contri-
butions represent the transverse, long-distance force responsible for confinement [175].
Nevertheless, using αan, rather than αpQCD, identifies in (5.7) a well-defined nonpertur-
bative contribution which should increase the validity range of OPE down to values of
Q2 close to Λ2. Such an approach is discussed in more depth in Ref. [412].
5.4 Listing of the multiple IR-behavior found in the
literature
In order to facilitate the comparison between the multiple determinations which
describe the IR-behavior of αs cited in this review, we summarize the main results in
Tables 5.2 and 5.3. The corresponding predictions for αs(0) are also plotted in Fig.
5.3, where vertical arrows indicate divergent couplings. (We do not include in Fig.
5.3 the results from couplings defined from the 3-gluon and 4-gluon vertices.) This
figure does not correct for differences in RS, gauges or definitions. Consequently, we
are not necessarily comparing the same quantities. Furthermore, we have plotted some
pioneering results, such as the first SDE determination of αghs by von Smekal et. al. [246],
now superseded by more accurate calculations.
Four main groups of results can be identified:
• αs(Q2) −−→Q2→0 ∞: static Q–Q potential with the string tension folded in αs, and
various nonperturbative models.
• αs(Q2) ∼ 3: αghs (0) for the scaling solution (SDE, lattice, FRG, stochastic quanti-
zation), and the effective charges αg1(0) and αF3(0).
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Figure 5.3: Values of αs(0) from the literature and reported in this review. The differences
in the infrared fixed-point value of the coupling can be due to choices of RS, gauge, relativis-
tic form, truncations, approximations, model dependence and other points, as indicated and
discussed in the main text. The vertical arrows indicate IR-divergent couplings.
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• αs(Q2) ∼ 0.7: quark models and the static Q–Q potential without the string
tension folded in αs.
• αs(Q2) = 0: decoupling solution (SDE, lattice, FRG) and various nonperturbative
models.
We do not attempt to reconcile all the results, but the preceding discussion suggests
that most can be made consistent, at least qualitatively.
Reconciling the αs(0) ∼ 0.7 group with the αs(0) ∼ 3 group In Ref. [330], the dif-
ference between the group αs(0) ∼ 0.7 and the gauge-dependent results pertaining to the
αs(0) ∼ 3 group is attributed to different gauge choices: it is argued that the Feynman
gauge produces results close to the phenomenological value αs(0) ∼ 0.7, whereas the
Landau gauge yields αs(0) ∼ 3. Furthermore, it was shown in Ref. [170], and discussed
in the beginning of this Section, that the other gauge-independent results belonging to
this group computed in the g1 or MS RS agree with the results computed in the MOM
RS once the RS-dependence is corrected for, see Fig. 5.1. The AdS/QCD continuation
of the pQCD calculation yields a higher αg1(0) than expected, but is still compatible
within uncertainties with the pi constraint. Similarly, the freezing value for αMS ob-
tained from the AdS/QCD–pQCD matching has a larger central value than the typical
0.7 freezing value.
Reconciling the divergent αs(Q
2) −−→Q2→0 ∞ group with the αs(0) ' 0.7 and αs(0) '
3 groups As we have emphasized, the QCD running coupling does not need to be
divergent in the IR in order for a theory to be confining. For example, the coupling for
the analytically solvable [413] confining theory QCD(1+1) is finite.
Confinement in QCD can be due to multiple gluon exchange diagrams, where the
exchanged gluons are connected by the gluon and four-gluon couplings as in the “H”
diagrams; see Fig. 2.2(d). The network of gluons corresponds to a “string” or “flux
tube” connecting the Q and Q. The fact that the H diagram becomes IR divergent as
the Q and Q separate in impact space is indicative that QCD must confine color charges
in order to render the theory self-consistent. Thus the infinite sum of such diagrams
could be the source of the confining potential. For example, the confining harmonic
oscillator potential between light quarks and antiquarks in the LF Hamiltonian derived
using light-front holography and AdS/QCD may well come from the IR behavior of the
sum of H graphs, and has been shown to be equivalent to the diverging linear potential
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αs(0) IR behavior Definition RS Gauge Quarks Framework References
0.10 mono. decr. Sudakov eff. charge V Indep. yes Sudakov resum. [191, 192]
pi freezes eff. charge g1 Indep. yes Measurements [190]
3.12 freezes eff. charge g1 Indep. yes AdS/QCD [170, 131]
∼ 7 freezes eff. charge τ Indep. yes Measurements [40]
0.63 freezes dressed gl. exch. ∼ V Indep. yes Disp. approach [176, 177]
0.60 freezes gl. self-energy (∼MS) Indep. no SDE Λ=0.26 [288]
0 vanishes gl. self-energy (MS, MOM) Landau no SDE 0.3≤Λ≤0.8 [267]
0.7± 0.3 freezes gl. self-e., gh.-gl. vert. MOM Landau no SDE Λ=0.3 [235]
- freezes gl. self-energy (∼MS) Feynman no SDE Λ=0.3 [241]
2.6-2.97 freezes gh.-gl. vertex MOM Landau no SDE [260]
- freezes 3- and 4-gl. vertex MOM Landau no SDE [307]
Diverges 1/Q2 quark–gl. vertex MOM Landau no SDE [316]
∼ 2.5 freezes quark–gl. vertex MOM Landau yes SDE [316]
2.33 freezes gh.-gl. vertex - Coulomb no SDE [319]
4.19 freezes gh.-gl. vertex (∼MS) Landau no SDE Λ=0.153 [247]
∼ 2.8 freezes Int. strength MS Indep. no SDE+Lattice [292]
2.1 to 8.4 freezes gh.-gl. vertex MS? Landau no SDE [248]
2.6 freezes gh.-gl. vertex MS Landau yes SDE [303]
3.49 freezes gh.-gl. vertex (g1) Landau no SDE Λ=0.856 [253]
0 vanishes gh.-gl., 3-gl. vert. MOM Landau no SDE [310]
0.81 freezes gl. self-energy (∼MS) Light cone yes SDE Λ=0.26 [234, 296]
2.97 freezes gh.-gl., MOM Landau no SDE [314]
3.2× 10−3 freezes 3-gl. vertex MOM Landau no SDE [314]
4.2× 10−2 freezes 4-gl. vertex MOM Landau no SDE [314]
0 vanishes gh.-gl., 3-gl., 4-gl. MOM Landau no SDE [314]
2.97 freezes gh.-gl. vertex MOM Landau no SDE [309]
0 vanishes gh.-gl. vertex MOM Landau no SDE [309]
1.6× 10−3 freezes 3-gl. vertex MOM Landau no SDE [309]
0 vanishes 3-gl. vertex MOM Landau no SDE [309]
2.97 freezes gh.-gl. vertex MOM Landau no SDE [250]
0 vanishes gh.-gl., 3-gl. MOM Lin. covar. no SDE [320]
2.97 freezes gh.-gl. MOM Landau no SDE [313]
2.77× 10−3 freezes 4-gl. vertex MOM Landau no SDE [313]
3.65 freezes gh.-gl. vertex - Landau no SDE [243]
4.74 freezes gh.-gl. vertex - Coulomb no SDE [243]
9.5 freezes gh.-gl. vertex MOM Landau no SDE [246]
Table 5.2: Summary of the predictions for the IR behavior of αs(Q2) discussed in this review.
As emphasized in the text, the results depend on the different definitions of the running
coupling. The label “indep.” denotes predictions which are gauge- or RS-independent. The
expressions for αs are formally scheme-independent when expressed at LO or NLO, but they
remain numerically dependent on the scheme choice through the value used for Λ. To convey
this dependence, we have identified within parenthesis the choice of scheme corresponding to
the Λ value given in the 7th column. The sign “–” indicates that information is either unclear
or unknown. All results are for SU(3)C in 3+1–dimensional space-time.
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αs(0) IR behavior Definition RS Gauge Quarks Framework References
3.2 freezes gh.-gl. vertex MOM Landau yes Lattice [332]
4.45 freezes gh.-gl. vertex MOM Landau no Lattice [330]
0.5 freezes pQCD form MOM Indep. no Lattice [330]
0.29± 0.03 freezes Q–Q pot. V Indep. no Lattice [214]
0.40 freezes Q–Q pot. V Indep. yes Lattice [214]
3.3± 0.7 freezes gh.-gl. vertex (τ) Landau no Lattice Λ=1.1 [238]
0 vanishes gh.-gl. vertex MOM Landau no Lattice see caption
0 vanishes gh.-gl. vertex MOM Landau yes Lattice [265, 277]
2.5± 0.5 freezes gh.-gl., q.-gl. v. MOM Land. Coul. yes Lattice [259]
0.52 freezes Q–Q pot. V Indep. yes Lat. pert. stoch. th. [339]
diverges em/Q Schrod. func. MS - yes Lattice [342]
2.97 freezes gh.-gl. vertex - indep. yes Stoch. Quant. [245, 349]
∞ 1/Q2 pQCD form V Coulomb yes Variational ap. [165]
0.71 freezes pQCD form MS Indep. yes Pheno. [224]
∞ 1/Q2 pQCD form V Indep. yes Pheno. [295]
0.58 freezes pQCD form V Indep. yes Pheno. [223],
∞ 1/Q2 pQCD form MS Indep. yes Pheno. [228]
0.42± 0.03 (Av. IR val.) pQCD form - Indep. yes Pheno. [208]
' 0.6 freezes pQCD form - Indep. yes Pheno. [208]
0.78 mono. incr. pQCD form MS Indep. yes Pheno. [375]
0.60 freezes pQCD form (MS) Indep. yes Pheno. Λ=0.2 [221]
0.82 freezes pQCD form (MS) Indep. yes Pheno. [293]
diverges 1/Q2 pQCD form V Indep. yes Pheno. [226]
0.83 freezes pQCD form - Indep. yes Pheno. [222]
0.83 freezes αR Indep. Indep. yes Opt. Pert. Theo. [389]
1.77 freezes gh.-gl. vertex MS, MOM Landau yes Gribov–Zwanziger [352, 216]
7.7± 2 freezes - - Landau no FRG [344]
2.97 freezes gh.-gl. vertex - Landau no FRG [258]
∼ 4 freezes - Indep. Indep. yes Analytic Ap. Λ=0.56 [168]
1.25 mono. decr. - (MS) Indep. yes Analytic Ap. Λ=0.32 [363, 360]
diverges 1/Q2 - Indep. Indep. yes Analytic Approach [369, 378]
0.47 freezes - Indep. Indep. yes Analytic Approach [379]
0.37-0.60 freezes pQCD form MS Indep. no BPT [220, 387]
0.81 freezes pQCD form V Indep. yes BPT [45]
0.97± 0.44 freezes pQCD form V Indep. yes BPT [45, 388]
0.50± 0.08 freezes pQCD form MS indep. yes duality. [390]
0 vanishes gh.-gl. vertex - - no φ4-YM mapping [391]
0 vanishes pQCD form MS indep. no Bogoliubov comp. [172]
0 vanishes pQCD form MS Landau yes Curci-Ferrari Model [393]
Table 5.3: Continuation of Table 5.2. The references for the seventh row are [326, 327, 333,
325, 358, 324].
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in the instant form [130]. Thus the apparent divergence of the running coupling derived
using the potential (V -scheme) may stem from the impossibility to consistently define
an effective charge from static heavy-quark interactions because the perturbative QCD
contributions of “H diagrams” are IR divergent, as first noted by Appelquist, Dine and
Muzinich [7]. This suggests that the αs(Q
2) −−→Q2→0 ∞ group of schemes could be united
with the αs(0) ∼ 0.7 and αs(0) ∼ 3 groups if compared within a consistent framework.
The αs(0) = 0 group It is unclear how to reconcile the three previous groups of
solutions for the running coupling with a decoupling model in which the coupling vanishes
in the IR: αs(0) = 0. Only one solution underlies hadron physics, and thus either
αs(0) = 0 or the three other reconcilable groups are irrelevant. We note that the IR-
freezing solution is supported by measurements of effective charges such as αg1 , αF3
and ατ , and it is a necessary ingredient of the AdS/QCD approach which provides a
successful description of hadron properties. Furthermore, the decoupling solution is not
compatible with the Kugo–Ojima confinement criterion. Other arguments disfavoring
the decoupling solution (violation of the BRST symmetry and unconfined gluons) are
given in [269]. On the other hand, an argument for the decoupling solution is that
it appears to have a lower action than the freezing solution [273]. It is possible that
both solutions are realized in Nature, that the decoupling solution does not lead to
confinement or lead to a hadron of larger size than that with a coupling following the
scaling solution. In that case, the consequence of the decoupling solution would not be
observed in spite of its possibly lower action.
What is the best definition for αs?
An important principle of the renormalization group is that predictions for observ-
ables cannot depend on theoretical conventions such as the RS, the initial scale, or the
choice of effective charge. Predictions for observables must thus also be independent of
the choice of the definition for αs. This implies that different choices for the running
coupling must be related to each other; for example “Commensurate scale relations”
interconnect different couplings in the high Q2 pQCD regime.
The optimal choice for the definition of αs(Q
2) at all scales is an unsettled question:
there are many ways to define a coupling which satisfies the RGE. This is also the case
in QED; nevertheless, the Gell Mann–Low definition –the effective charge defined from
elastic scattering of heavy charges– is universally used. However, it would in principle be
possible to choose an alternative formal choice of coupling in QED based on dimensional
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regularization such as αMS.
To help in assessing the optimal choice of IR-definition for αs(Q
2), we summarize
in Table 5.4 various definitions for αs, together with their properties and relative ad-
vantages. In addition to this table, we can list other desirable, but not necessarily
fundamental, properties:
• Interpretability: the coupling should be easily interpretable, as is the case for QED.
• Simplicity: it should be relatively easy to produce the coupling.
• Finiteness: the coupling should be finite at all scales. Since predictions for ob-
servables must be finite, this condition implies that if αs(Q
2) diverges, it must
be compensated by other divergent factors or terms not included in its primary
definition. Although the cancellation of infinities is theoretically possible, the iden-
tification of the individual diverging effects cannot be done solely from physical
criteria. In addition, from the practical point of view, the cancellation of large
quantities greatly increases systematic uncertainties.
This discussion does not imply that only one definition or approach should be used
to study αs in the IR domain. A variety of approaches is useful since different techniques
often give different perspectives. However, it would be desirable to present results in a
commonly agreed definition of the QCD coupling (and scheme and NC and nf values)
in order to assure the clarity and consistency of this field of study. Table 5.4 may help
to choose a convenient definition for such reference.
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Definition Analytic RS- Gauge- Universal Based on IR-
indep. indep. first principles finite
pQCD, αpQCD yes no depends1 yes yes no (Landau pole)
Eff. charge, αg1 , ατ , αAdS yes yes yes yes
2 yes yes (freezes)
Static quark potential yes yes yes yes no no
Vertices, αghs , yes no no in yes yes (freezes or
αQ−gs , α
3g
s , α
4g
s principle
3 vanishes)
Quark model/Spectroscopy yes no yes yes no yes (freezes)
Analytical coupling yes no yes yes no4 yes (freezes)
Dispersive coupling yes no yes yes yes yes (freezes)
OPT yes yes yes unclear no yes (freezes)
Duality no no yes unclear no yes (freezes)
λφ4 → Yang Mills mapping yes no unclear yes no yes (vanishes)
Curci-Ferrari Model yes no no no yes yes (vanishes)
Table 5.4: Summary of various definitions of αs. “Universal” refers to a unique coupling able
to describe any observable or vertex.
Notes:
1 Depends on the RS. E.g. the coupling in MS is gauge-independent but not necessarily the
one in a MOM gauge.
2 Effective charges can be related in the perturbative domain using the CSR, see Section 3.7.1.
Those relations are continued in the IR using the method described in Section 5.2.
3 In principle, αghs , α
Q−g
s , α
3g
s , and α
4g
s can be related. Also, two solutions (scaling and
decoupling, see Section 4.4.3) exist, without consensus on which one is realized in Nature.
4 Demanding causality as a criterion to define the coupling is not a first principle since the
coupling is not necessarily an observable.
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Chapter 6
Conclusions
The QCD coupling αs(Q
2) plays a fundamental role in hadron, nuclear, and particle
physics, setting the strength of quark and gluon interactions over the entire range of
momentum transfer Q. The analytic dependence of the coupling in Q2 is determined
by its logarithmic derivative, the QCD β-function, which not only incorporates the
physics of asymptotic freedom at large momentum transfer, but also the nonperturbative
dynamics underlying color confinement. It is possible that the QCD and electroweak
running couplings could merge at very high momentum transfers, reflecting the unifying
physics of a grand unified theory [31].
In this article, we have reviewed the present theoretical and phenomenological un-
derstanding of αs, both at high- and low-momentum transfer. We attempted to be both
pedagogical and comprehensive, although we had to leave out interesting topics such as
the coupling in the Q2 < 0 time-like domain, in space-times of dimension other than 4,
or studies of the coupling at non-zero temperature.
Remarkable progress has been made in the last decade determining the QCD cou-
pling’s strength at high momentum transfer using phenomenological input from collider
experiments, together with extensive high-order theoretical perturbative computations.
Perturbative QCD calculations typically use dimensional regularization to control ul-
traviolet divergences of loop integrals. It has thus become conventional to adopt the
MS definition of the coupling. The value of αMS(Q
2 = M2Z) has been determined from
various experiments to remarkable precision and using different processes, providing an
important test of the validity of QCD. High precision theoretical determinations of αs
from lattice gauge theory have also been obtained. Although some tension still exists be-
tween various determinations, it probably reflects too optimistic estimates of systematic
uncertainties, rather than new physics or a problem associated with QCD itself.
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As we have emphasized, the choice of the MS scheme is only a convention. Other
renormalization schemes are possible, such as the MOM scheme, although its use is
problematic because of its dependence on the choice of gauge.
It has also become conventional to guess the renormalization scale µR for the MS
coupling scheme. The most common choice is to set Q2 = µ2R because it yields the
simplest perturbative expansions of observables. The setbacks are convergence issues
with the expansion series and an unintuitive interpretation of the coupling. Although
the choice of the simplicity criterium is arbitrary, one expects that the dependence of
the pQCD predictions on this guess become diminished at high order. However, this
expectation conflicts with the αnsβ
n
0n! divergent renormalon growth of the pQCD series.
The fixed order pQCD predictions are scheme-dependent if one uses an arbitrary scale for
µR. This is at odds with an important principle – “renormalization group invariance”:
theoretical predictions cannot depend on theoretical conventions, such as the choice of
scheme or the choice of the renormalization scale.
As we have discussed, none of these problems appear when one uses the “Principle
of Maximum Conformality” (PMC ) to set the renormalization scale order-by-order in
perturbation theory. As in QED, all terms in the pQCD series involving the β-function
can be summed into the running coupling by shifting the renormalization scale at each
order; this sets the argument of the coupling at each order, and the resulting coefficients
of the series then match the coefficients of the corresponding conformal theory with
β = 0. The βi terms can be identified unambiguously at each order by introducing an
extra parameter δ in the subtraction that defines the MS scheme.
The use of the PMC thus eliminates renormalization-scale ambiguities, eliminates
renormalon divergences, and –most important– gives predictions which are independent
of the choice of renormalization scheme. Also, as in QED, the PMC renormalization
scales reflect the virtuality of the gluon propagators and correctly set the number nf of
contributing quark flavors at each order. For example, the reduced virtuality of the two
s-channel gluons in the qq¯ → gg → tt¯ amplitude can account for the large tt¯ asymmetry
in the p¯p → tt¯X observed at colliders [62, 414]. Nonzero quark masses can be retained
so that the β-function remains analytic as it passes through each flavor threshold [31].
Applying the PMC also provides “Commensurate Scale Relations,” between QCD
observables which have no renormalization scale or scheme ambiguities. A classic exam-
ple is the “Generalized Crewther Relation” [416] which connects the QCD corrections to
the Bjorken sum rule, which is measured in polarized deep inelastic lepton–nucleon scat-
tering, to the QCD corrections to the annihilation cross section ratio Re+e−(s). Again
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there are no renormalization scale ambiguities.
In the second part of the review, we have discussed a much more complex problem,
the behavior of the QCD coupling αs(Q
2) at low momentum transfers, where even its
definition is not universally agreed upon. We have described a number of nonperturba-
tive approaches for defining and computing the coupling at small Q2, such as approxi-
mately solving the Schwinger–Dyson equations and the use of different assumptions for
its analytic form. The various analyses reported in the literature yield predictions for
αs(Q
2 = 0) which range from zero to infinity.
The different theoretical and analytical approaches for analyzing the QCD coupling
can be classified within three groups: models where αs(Q
2 = 0) vanishes, models where
αs(Q
2) diverges as Q2 → 0, and models where αs(Q2) remains roughly constant and
of moderate value in the IR. These models reflect the range of possible definitions of
αs itself, the choice of renormalization scheme, and whether or not one introduces the
concept of an effective nonzero gluon mass or equivalent momentum scales.
An important tool for resolving the ambiguity in defining αs(Q
2) is the use of “effec-
tive charges”: a coupling defined directly from a perturbatively calculable observable.
By definition an effective charge is finite at all scales. A natural choice would be to
define the QCD coupling from the heavy-quark potential as a generalization of the tra-
ditional Gell-Mann–Low coupling used in QED. However, this coupling, called αV (Q
2),
requires an infrared cutoff because of “H” graph contributions arising from non-Abelian
corrections to multi-gluon exchange diagrams.
A satisfactory choice for defining the QCD coupling is the effective charge αg1(Q
2)
which is obtained from the sum of QCD radiative corrections to the Bjorken sum rule. It
is infrared finite and well measured, both at low and high Q2. The behavior of αg1(Q
2)
at high Q2 is known to four loops in pQCD.
Remarkably, all of the measurements of αg1(Q
2) for Q2 < 1 GeV 2 are consistent
with the nonperturbative prediction from AdS/QCD and light-front holography:
αg1(Q
2)
pi
= exp
(−Q2
4κ2
)
,
where κ can be determined by the proton mass, κ = Mp/2, or other hadron masses.
The same theory successfully predicts the Regge spectroscopy of the light mesons and
baryons, as well as their dynamical structure, such as the light-front wavefunctions
underlying the hadron from factors, structure functions, and distribution amplitudes.
The value of κ also determines the confining potential for light quarks in the frame-
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independent light-front Hamiltonian.
It is also remarkable that by matching at a scale Q0 the value of αg1(Q
2) and its
derivative obtained from light-front holographic QCD to the predictions of pQCD, one
can determine ΛMS from the value of κ. The result of this matching is in agreement with
the value of ΛMS determined from high energy physics phenomenology. The value of the
matching scale: Q20 ' 1.25 GeV 2 in the g1 scheme can be interpreted as the transition
scale between the perturbative and nonperturbative domains of QCD. It is thus natural
to adopt Q20 as the starting scale for the DGLAP evolution of structure functions and the
ERBL evolution of hadronic distribution amplitudes. The light front holographic QCD
analysis can also be used to complement and constrain other nonperturbative approaches
to QCD.
Thus QCD and the study of its running coupling have now entered a new domain,
where predictions for hadronic phenomena can be made over all scales. We hope that
this review has illuminated the physics underlying the remarkable progress in this field.
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Appendix A
Lexicon
To make this review accessible to non-specialists, we list here some of the specific
vocabulary associated with studies of the QCD coupling, with brief explanations and
references to where it is first discussed in the review.
• Asymptotic series; Poincare´ series. See also “renormalons”. A series that converges
up to an order k and then diverges. The series reaches its best convergence at
order Nb and then diverges for orders N & Nb +
√
Nb. Quantum Field Theory
series typically are asymptotic and converge up to an order Nb ' 1/a, with a
the expansion coefficient. IR renormalons generate an n!βn factorial growth of
the nth coefficients in nonconformal (β 6= 0) theories. Perturbative calculation to
high order (α20s ) has been performed on the Lattice [415] to check the asymptotic
behavior of QCD series. Factorial growth is seen up to the 20th order of the
calculated series.
• β-function. The logarithmic derivative of αs: β (µ2) = dαs(µ)dln(µ) where µ is the
subtraction point. In the perturbative domain, β can be expressed as a perturbative
series β = − 1
4pi
∑
n=0
(
αs
4pi
)n
βn. (See Section 3.2.)
• Commensurate Scale Relations (CSR). Relations linking two effective charges ob-
tained from different observables or two effective couplings expressed in different
renormalization schemes. Since BLM/PMC scale setting is used, all terms involv-
ing the coefficients βn do not appear in the CSR series coefficients, eliminating
the renormalon divergence (see “Asymptotic series” and “renormalons”). The
convergence property is thus superior compared to the more straightforward rela-
tions obtained by equating the perturbative expressions of the two couplings. (See
Section 3.7.1.)
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• Condensate (or Vacuum Expectation Value, VEV). The vacuum expectation value
of a given local operator. Condensates allow one to parameterize the nonper-
turbative OPE ’s power corrections. Condensates and vacuum loop diagrams do
not appear in the frame-independent light-front Hamiltonian since all lines have
k+ = k0 + k3 ≥ 0 and the sum of + momenta is conserved at every vertex. In the
light-front formalism condensates are associated with physics of the hadron wave
function and are called “in-hadron” condensates, which refers to physics possibly
contained in the higher LF Fock states of the hadrons [417]. In the case of the
Higgs theory, the usual Higgs VEV of the instant form Hamiltonian is replaced by
a “zero mode”, a background field with k+ = 0 [418].
• Conformal behavior/theory. The behavior of a quantity or a theory that is scale
invariant. In a conformal theory the β-function vanishes. More rigorously, a con-
formal theory is invariant under both dilatation and the special conformal trans-
formations which involve inversion. (See Sections 3.9.6 and 4.2.)
• Couplant: the normalized coupling, defined as αs/pi.
• Decoupling solution. See also scaling solution. One of the two classes of solu-
tions for couplings defined using vertices. The decoupling solution leads to an
IR-vanishing αs. (See Section 4.4.3.)
• Dimensional transmutation: The emergence of a mass or momentum scale in the
quantum theory with a classical Lagrangian devoid of explicit mass or energy
parameters [13]. (See Section 3.1.)
• Effective coupling. The renormalized (running) coupling, in contrast with the
constant bare coupling. (See Section 2.)
• Effective charge. An effective coupling defined from a perturbatively calculable
observable. It includes all perturbative and relevant nonperturbative effects. (See
Sections 3.7.1 and 4.1.)
• Freezing. The loss of scale dependence of finite αs in the infrared. See also con-
formal behavior.
• Green’s function, n-point Green’s function. The function which describes the
propagation of a field between n space-time points.
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• Higher-twist (see also “Twist”), 1/Qn power corrections, typically derived from the
OPE analysis of the nonperturbative effects of multiparton interactions. Higher-
twist is sometimes interpretable as kinematical phenomena, e.g. the mass M of
a nucleon introduces a power correction beyond the pQCD scaling violations, or
as dynamical phenomena, e.g. the intermediate distance transverse forces that
confine quarks [175]. (See Section 4.1.)
• Infrared fixed point. The value of the momentum transfer scale µ where β(µ) = 0.
This implies either that αs either freezes in the IR (β(µ) remains 0 beyond the IR
fixed point), or that it vanishes (β(µ) becomes positive passed the IR fixed point).
• Infrared exponent. The power-law exponent which describes how the ghost and
gluon propagators scale with Q2. (See Section 4.4.3.)
• Kugo–Ojima confinement criterion [276]. A condition that ensures the conservation
of the global color charge. It is a necessary but not a sufficient criterion for
confinement. It implies that the Fadeev–Popov ghost propagator behavior in the
low energy regime is more singular than 1/Q2, and that the gluon propagator is
less singular; see e.g., Refs. [212, 230]. In such a case, the physical space of states
can contain only color singlets, i.e., the theory is confining.
• Landau pole; Landau singularity; Landau ghost. The point where a perturbative
coupling diverges. At first order (1-loop) in pQCD, this occurs at the scale pa-
rameter Λ. The value can depend on the choice of renormalization scheme, the
order βi at which the coupling series is estimated, the number of flavors nf and the
approximation chosen to solve Eq. (3.6) for orders higher than β1. The Landau
pole is unphysical. (See Section 3.6.)
• (n-)Loops. The order of perturbation theory appearing in the coupling calculation;
i.e., the order of the β-series. In the case of QED, it is the order of vacuum
polarization loops contributing to the renormalization of the coupling. The n-loop
approximation corresponds to a β-series truncated to order βn−1. (See Section
3.4.)
• Operator Product Expansion (OPE). See also higher-twist. The OPE uses the
twist of effective operators to predict the power-law fall-off of an amplitude. It
thus can be used to distinguish logarithmic leading twist perturbative corrections
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from the 1/Qn power corrections. The OPE typically does not provide values for
the nonperturbative power correction coefficients. (See Section 4.1.)
• Pinch technique. A method which adds external on-shell legs to ensure the gauge
invariance of an amplitude. For example, the calculation of the three-gluon vertex
becomes gauge invariant if the coupling to three on-shell external quark lines are
included. See Refs. [31, 285]
• Principle of Maximal Conformality (PMC). A method used to set the renormal-
ization scale, order-by-order in perturbation theory, by shifting all β terms in the
pQCD series into the renormalization scale of the running QCD coupling at each
order. The resulting coefficients of the series then match the coefficients of the
corresponding conformal theory with β = 0. The PMC generalizes the Brodsky
Lepage Mackenzie BLM method to all orders. In the Abelian NC → 0 limit, the
PMC reduces to the standard Gell-Mann–Low method used for scale setting in
QED [155].
• Power corrections. See “Higher-twist” and “Renormalons”.
• Pure gauge sector; pure Yang Mill; pure field. Non Abelian field theory without
fermions. See also quenched approximation.
• Quenched approximation. Calculations where the fermion loops are neglected. It
differs from the pure gauge, pure Yang Mills case in that heavy (static) quarks are
present.
• Renormalization scale. The argument of the running coupling. See also “Subtrac-
tion point”.
• Renormalon. The residual between the physical value of an observable and the
Asymptotic series of the observable at its best convergence order n ' 1/αs. The
terms of a pQCD calculation which involve the β-function typically diverge as n!;
i.e., as a renormalon. Borel summation techniques indicate that IR renormalons
can often be interpreted as power corrections. Thus, IR renormalons should be
related to the higher twist corrections of the OPE formalism [419]. The existence
of IR renormalons in pure gauge QCD is supported by Lattice QCD [415]. See
also “Asymptotic series”.
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• Scale-fixing. The renormalization scale at each order of perturbation theory is set
by the BLM/PMC method by absorbing the contributing β terms. In the case
of QED, scale-fixing resums the vacuum polarization contributions to the photon
propagator.
• QCD Scale parameter Λ. The UV scale ruling the energy-dependence of αs. It
also provides the scale at which αs is expected to be large and nonperturbative
treatment of QCD is required. (See Section 3.2.)
• Scaling solution. See also decoupling solution. One of the two classes of solutions
for couplings defined using vertices. The scaling solution results in an IR-freezing
of αs. (See Section 4.4.3.)
• Slavnov–Taylor identities [33]: The non-Abelian generalization of the Ward–Takahashi
identities. (See Section 3.4.)
• Subtraction point µ. The scale at which the renormalization procedure subtracts
the UV divergences. (See Section 3.2.)
• Tadpole corrections. In the context of lattice QCD, tadpole terms are unphysical
contributions to the lattice action which arise from the discretization of space-time.
They contribute at NLO of the bare coupling gbare =
√
4piαbares to the expression
of the gauge link variable U−→µ . (The LO corresponds to the continuum limit.) To
suppress these contributions, one can redefine the lattice action by adding larger
Wilson loops or by rescaling the link variable.
• Twist. The twist of an elementary operator is given by its dimension minus its
spin. For example, the quark operator ψ has dimension 3, spin 1/2 and thus twist
= 1. It is also the number of constituents of a hadron. See “Higher-twists” .
• Unquenched QCD. See pure gauge sector and quenched approximation.
• Wilson Loops. Closed paths linking various sites in a lattice [109]. They are used
to define the lattice action. (See Section 3.9.4.)
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